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Abstract. We present a sparse representation called Fixed Dimension Modified 
Sinusoid Model (FD-MSM) for parametric analysis of audible signals including 
speech, music and mixtures. Compared with other analysis models, the pro-
posed scheme is both pitch independent and appropriate for sparse signal repre-
sentation commonly found as a favorable choice for speech enhancement and 
sound separation. Using the state-of-the-art Principle Component Analysis 
(PCA) it is demonstrated that FD-MSM signal representation is equivalent to a 
non-linear mapping into sinusoidal subspace which preserves those components 
with largest eigenvalues by projecting the signal components into the corre-
sponding eigen-vectors. Conducting subjective experiments, we observed that 
the resulting signal is perceptually indistinguishable from the original ones.  

Keywords: Sinusoidal subspace, STFT, Principle Component Analysis, Sparse 
Representation, SSNR. 

1   Introduction 

One of the promising methods in speech processing is proven to be sinusoid model 
since many musical instruments produce harmonic or nearly harmonic signals with 
relatively slowly varying sinusoidal partials. On the other hand, Frequency analysis is, 
roughly speaking, the process of decomposing a signal into frequency components, 
that is, complex exponential signals or sinusoidal signals. Hence, in many applica-
tions finding a sparse representation for the audio signals is a must since it can easily 
result in lower computational complexity or selecting better features. As a result, 
sinusoidal modelling offers a parametric representation of audible signal components 
such that the original signal can be recovered by synthesis and addition of the compo-
nents [1-2]. The most prominent classic sinusoidal model includes: (1) McAulay and 
Quatieri [3] and (2) Smith and George [4].    

In model presented by McAulay and Quatieri called Sinusoidal Transformation 
System (STS) [3], all peaks from Short-time Fourier Transform (STFT) in the spec-
trum are marked, then the peaks whose occurrences are close to the pitch values and 
its harmonics are held while the remaining peaks are discarded. However, for mixed 
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audio signals, it fails to act properly due to its pitch dependency. However, the other 
sinusoidal model introduced by Smith and George, namely Analysis-by-
Synthesis/Overlap-Add (ABS/OLA), has proven to be successful [4]. In contrast to 
STS proposed in [3], it uses a successive approximation-based analysis by synthesis 
procedure to determine model parameters. However, the computational load for esti-
mating sinusoid parameters remains an obstacle due to exhaustive frequency search. It 
also requires initial pitch frequency estimation which is susceptible to gross errors for 
multi-speaker and speech + noise signals [4].  

None of the above mentioned sinusoidal approaches are capable to extract fixed 
number of features for the underlying model. This drawback in turn results in a  
significant degradation in clustering performance since all model-based speech proc-
essing techniques employ statistical modelling techniques. Hence, we have recently 
proposed a modified version of sinusoidal model called Fixed Dimension Modified Sinu-
soid Model (FD-MSM) in [7], based on model proposed by McAulay and Quatieri [3], 
including inputs other than speech signals, i.e. music or mixtures. In this paper we 
study the sparse representation nature of FD-MSM which arrives at a lower dimen-
sion while preserving natural signal quality as close as possible.  

The paper is organized as follows: The following section summarizes the state-of-
the-art sinusoidal models. Section 3 is dedicated to the important concept of sparse 
representation of audio signals in sinusoidal space. In Section 4, objective and subjec-
tive results are reported and Section 5 concludes 

2   Sinusoidal Model for Speech 

Independent of which approach is used for analysis of speech signals, the spectrum 
envelope is known as a key feature, generally obtained by method proposed by 
McAulay [3]. Sinusoidal model represents a sound signal as a set of sinusoids param-
eterized by amplitude, frequency and phase trajectories carried out over short frames 
assuming short-time stationarity; under this assumption, frames of speech are mod-
eled as a sum of constant-amplitude and frequency sinusoids [3]. Assuming the  
analysis frame ≈5-40ms, the speech segment of frame k, sk(n) will be: 

                     

k
j s

0

( ) cos(2 f n/f + ), 0,..., 2 fl
M

k k k
j j

j

ns A nπ ϕ
=

= = ×∑                    (1) 

where fj is the frequency, M is the number of sinusoids, Aj is the spectrum envelope, 
φj the phase sampled at kth frame, j the index number, and fs the sampling frequency. 
The drawback for such representation is its inherent high computational complexity 
due to storage of 3M values of spectrum parameters sampled at each frame. 

3   Sparse Representation for Signals in Sinusoidal Space 

If we consider the spectrum of a harmonic process, we note that it consists of a set of 
impulses with a constant background level at the power of the white noise. As a re-
sult, the power spectrum of complex exponentials is commonly referred to as a line 
spectrum and such signal can be expressed as: 
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where w(n)=[w(n) w(n+1) · · · w(n+L−1)]Tis the windowed vector of white noise and 
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is the time-window frequency vector. Note that v(fi) is simply a length-N DFT vector 
at frequency f. We differentiate here between s(n), consisting the sum of complex 
exponentials, and the noise component w(n), respectively. The autocorrelation matrix 
of the model can be written as  

                                    Ε{ (n) (n)} = +x s w
HR x x R R=                                    
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is an N×L matrix whose columns are the time-window frequency vectors from (3) at 
frequencies fi with i=0,…,L of the complex exponentials and 
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is a diagonal matrix of powers for each respective exponentials and autocorrelation 
matrix of the white noise will be: 

                                                
2

w wσ=R I

                                                  

       (8) 

which is full rank, as opposed to Rs which was rank-deficient for L<N. In general, 
we will always choose the time window length, N to be greater than the number of 
complex exponentials L. The autocorrelation matrix in terms Eigen decomposition is 

                                                  
1
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   (9)       

where λm are the eigenvalues in descending order, that is, λ1≥λ2≥···≥λMand qm are their 
corresponding eigenvectors. Here . . is a diagonal matrix made up of the eigenvalues, 
and columns of Q are the related eigenvectors. The signal related eigenvalues can be 
written as the sum of the signal power and noise as follows: 
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and the remaining eigenvalues are due to the noise only components, are 
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therefore, the Llargest eigenvalues correspond to signal made up of exponentials 
and the remaining eigenvalues have equal value and correspond to the noise. Thus, we 
can partition the correlation matrix into portions due to the signal and noise eigenvec-
tors 
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are matrices whose columns consist of the signal and noise eigenvectors, respectively. 
The matrix D is L×L diagonal matrix containing the signal eigenvalues from (10). 
Thus, the N-dimensional subspace that contains the observations of the time-window 
signal vector from (6) can be split into subspaces spanned by the signal and noise 
eigenvectors, respectively. These two subspaces, known as the signal subspace and 
the noise subspace, are orthogonal to each other. Recall that the projection matrix 
from an N-dimensional space onto an L-dimensional subspace (L<N) spanned by 
vectors Z=[z1 z2 · · · zL] is 

                                                 
-1( )= HP Z Z Z Z       (14)       

hence, the matrices that project a vector onto the signal and noise subspaces are as: 

                                                   ,= =H H
s s s w w wP Q Q P Q Q                     (15)       

since the eigenvectors of the correlation matrix are orthonormal then we have: 

                                              = =H H
s s w wQ Q I , Q Q I        (16)       

since the two subspaces are orthogonal, then all the time-window frequency vec-
tors from (3) must lie completely in the signal subspace, that is, 

                                ( ) ( ) , ( ) 1i i if f f for i L= = ≤ ≤s wP P 0v v v        (17)       

 
However, in practice, the correlation matrix is not known and must be estimated 

from the measured data samples. If we have a time-window signal vector from (6), 
then we can form the data matrix by stacking the rows with measurements of the 
time-window data vector at a time n as follows: 
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which has dimensions of N×L, where N is the number of data records or frames and L 
is the time-window length. From this matrix, we form an estimate of the correlation 
matrix, referred to as the sample correlation matrix 
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and the spectrum of ordered eigenvalues in (19), the “signal eigenvalues” are still 
identified as the largest ones. Conducting several computer simulations in the follow-
ing section, we demonstrate that the proposed sparse sinusoidal model (FD-MSM) is a 
useful analysis model to reduce the feature dimensions while preserving the audio 
signal quality as close as possible to the original input. 

4   Simulation Results 

Signal representation can be considered as a mapping from the N-dimensional space 
to a lower-dimensional feature space say L-dimensional space. Assuming a 1024-
point FFT, and considering the symmetric property of FFT and removing the repeated 
part, we demonstrate that the target space i.e. sinusoidal space will have only a  
dimension varying between 20<L<40. The only constraint imposed to such sparse 
representation, is that it should preserve the input signal quality as close as possible.  

4.1   PCA and Redundancy of Audio Signals  

To show the redundancy of the FFT representation for audio signals, Principle Com-
ponent Analysis (PCA) is performed on both speech and music. The procedure is 
treated as follows. The window length is set to 32 msec and 100 speech frames were 
ensemble averaged with a frame shift of 1 msec for stationarity assumption. Fig.1.a,b 
depict the eigen-values and eigen-vectors for several eigen-values, respectively. The 
number indicated in right-up section of each plot is related to corresponding eigen-
value denoted by ci where i is the eigen index. 

As it is seen from Fig.1.a, the Eigen vectors obtained from Singular Value Decom-
position (SVD) of frame covariance ensamples averaged matrix R determined in (19), 
the variance related to first few vectors are much notable. In contrast, ignoring vectors 
over i=33 results in an insignificant error (about 0.1%). In addition, Fig.4.b demon-
strates the Eigen spectrum obtained from SVD decomposition in time-domain and 
STFT domain, respectively. As it is seen, the Eigen spectrum decreases monotoni-
cally in both cases very rapidly in that after about 30 index, the Eigen power attenu-
ates to about -50 dB (=0.001%). In a similar manner for detecting correct model order  
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Fig. 1. (a) Eigenvectrs as time domain basis and (b) eigen-values for a male speaker speech 
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Fig. 2. (a) Eigenvectors as time domain basis functions and (b) eigen-values for a music signal 

addressed, here by means of looking directly for a gap between the noise and the 
signal eigenvalues we observe the appropriate number of sinusoids. As a result, the 
FFT redundancy is obvious which in turn results in an imperfect signal representation 
especially for audio signals. Hence, translating speech signal to another domain with 
less dimension with respect to common STFT, we can expect a more compact and 
efficient representation which could be accomplished by sinusoidal signal representa-
tion discussed in this paper. 

Simulation result for music are shown in Fig.2.a,b. Eigen-vectors are more sinu-
soid like than speech case. This inter correlation among eigen-vectors in time domain 
motivates us to employ a more compact representation. In addition, the steeply de-
crease in eigen-spectrum in Fig.2.b, verifies that 15-20 eigenvalues are considerable 
and the rest could be ignored without perceivable performance degradation. 
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4.2   Determining Number of Sinusoids Based on Eigen Decomposition  

An experiment is conducted to confirm that the FD-MSM approach is in fact a sparse 
representation for audio signals. To proceed, a voiced frame is selected. Then sinusoi-
dal analysis is performed for different number of sinusoids. Next, PCA is employed to 
obtain the fundamental eigenvalues. As shown in Fig.3.a and b, the number of promi-
nent eigen-values related to signal subspace is 31<M′<35 in harmony with frame 
reconstruction in Fig.3.a. 
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Fig. 3. (a) Reconstruction a speech frame using different number of sinusoids (b) Eigen spec-
trum, choosing largest singular values for reconstruction (the dashed line) and the rest (in dot-
ted line) 

4.3   Subjective and Objective Results   

Spectrograms and time signals are illustrated in Fig.4 both for the original input and 
the synthesized output signal. For subjective results, Mean Opinion Score (MOS) test 
[5] is conducted to measure the perceived quality for 8kHz speech for 20 male and fe-
male speakers and their mixtures. 20 listeners were asked to score between 0-5 to re-
constructed utterances. The MOS results are presented for different groups of listeners 
vs. the number of sinusoids, M′∈[21,40] in Table.1. Waves can be downloaded at: 
http://ele.aut.ac.ir/pejmanmowlaee. It is observed that the proposed FD-MSM requires 
25<M′<35 to have negligible difference in MOS. Using M′=33 parameters are enough 
to establish trade-off between low dimensionality and high perceptual quality. 

Comparing the subjective and objective results, we conclude that eigen-analysis re-
sults as shown in Fig.3.a,b propose using 31<M′<35 sinusoids while MOS results 
indicate that a perfect reconstruction of speech signal is possible when M′≈33 which 
is in harmony with results in Fig.3.a. As a consequence, we opt for M′=33 to have an 
indistinguishable speech signal representation using the sinusoidal modelling. In addi-
tion evaluating FD-MSM for music signals, no distinguishable difference was inferred 
by listeners even for M′≈14. Evaluating these results with the conventional sinusoidal 
model proposed in [3],[4] they all need 5 to 10 more sinusoidal parameters than FD-
MSM. In addition they all suffer from gross error related to pitch estimation while for 
analyzing audio mixtures as reported in [6]. In this case these methods are unable to 
extract the pitch value of the weaker speaker if the pitch value is equal to or a multiple 
of the pitch value of the stronger speaker and hence performance degrades. 
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Fig. 4. Showing spectrograms for (a) original, (b) synthesized, (c) related time domain signals 

Table 1. MOS results for synthesized speech signals 

 

5   Conclusion 

In this paper, proposed FDMSM model was studied for sparse representation of audio 
signals. We demonstrated that the space dimension was significantly reduced and the 
model can be assumed as a mapping from STFT spectrum space to a more compact 
one say 25<L<40 called sinusoidal subspace. This reduction is notable since no per-
formance degradation in terms of perception and signal characteristic was. The choice 
of the number of sinusoids was confirmed using the state-of-the-art PCA. 

References 

1. O’Shaughnessy, D.: Speech Communications Human and Machine. IEEE press, NY (2000) 
2. Macon, M.W., Clements, M.A.: Sinusoidal modeling and modification of unvoiced speech. 

IEEE Trans. Speech Audio Process 5(6), 557–560 (1997) 
3. McAulay, R.J., Quatieri, T.F.: Speech analysis/synthesis based on a sinusoidal representa-

tion. IEEE Trans. ASSP 34, 744–754 (1986) 
4. George, E.B., Smith, M.J.T.: Speech analysis/synthesis and modification using an analysis-

by-synthesis/overlap-add sinusoidal model. Speech and Audio Processing, IEEE 
Trans. 5(5), 389–406 (1997) 

5. Furui, S., Sondhi, M.M.: Advances in Speech Signal Processing. Marcel Dekker Inc., New 
York (1992) 

6. Radfar, M.H., Dansereau, R.M., Sayadiyan, A.: Monaural speech segregation based on fu-
sion of source-driven with model-driven techniques. Speech Comm. 49, 464–476 (2007) 

7. Mowlaee, P., Sayadian, A.: A Fixed Dimension Modified Sinusoid Model (FD-MSM) for Single 
Microphone Sound Separation. In: International Conference on Signal Processing and Commu-
nications, ICSPC 2007, Dubai, United Arab Emirates, pp. 1183–1186 (November 2007) 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 2.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice


