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Outline Integrator Back Stepping neral Form Uncertain

Integrator Back Stepping
> Let us start with integrator back stepping:

f(n) +g(n)e (1)
E = u (2)

> [n7 ¢]” € R™1: is the state

» u € R: control input

» f:D— R"and g: D — R": smooth in a domain D C R"; n=0,f(0) =0
> Objective: Design a state FB controller to stabilize the origin

(n=0,e =0)

» We assume both f and g are known
» It is a cascade connection:

> (1) with input ¢

» Second is the integrator (2)
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Outline Integrator Back Stepping More General Form Uncertain Systems T

» Suppose (1) can be asym. stabilized
by € = ¢(n) with ¢(0) = 0:
= f(n) +&(me(n) )

» and V(n) is a smooth p.d. Lyap fcn: — /

—-> g(m)

GENf(n) + g(n)o(m)] < —W(n) Vne
D, W(n) is p.d. (a)

» Now add +g(n)o(n) to (1):

u ¢ ‘
o= [f(n)+gmaen)] -/ L?

gln)

+ g(n)le — ¢(n)] ®
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Outline Integrator Back Stepping More General Form Uncertain Systems T

» Suppose (1) can be asym. stabilized
by € = ¢(n) with ¢(0) = 0: !
1= f(n) +&(m)e(n) S ntl

» and V(n) is a smooth p.d. Lyap fcn: | / _’ o ﬁ /

fm)

Gelf () +g(mo(n)] < —W(n) e ®
D, W(n) is p.d.

» Now add +g(n)o(n) to (1):

R LGV”’T ‘/
+ g(n)le - o(n)] @ = 0

V4
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by e = ¢(n) with ¢(0) = 0:

i = f(n) +g(n)e(n) =7 B o eo— / :
» and V() is a smooth p.d. Lyap fen:
Gelf () +e(mem)] < —W(n) vne  © o
D, W(n) is p.d.
» Now add +g(n)¢(n) to (1): u ¢ - "
o

o= [f(n)+gmae(n)]
+ g(n)le — o(n)]
——

cmo= [f(n) +gn)e(n)]
+ g(n){ _
z = u—2¢ i

b = gf;[f(mg(n)s]
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Outline Integrator Back Stepping eneral Form Uncertain S

Fig b to Fig c is back stepping —¢ thou e integrator

v

Pvsemen no= [f(n)+gmen)] +gn)z

zZ = v

v

It is similar to (1) But input zero ~~ origin is a.s.

v

Now let us design v to stabilize the over all system:
Ve(n,e) = V(n) + 322

S Ve < =W(n) + 5L e(n)z + zv

Choose v = f%g(/]) —kz, k>0

So V. < —W(n) — kz?

cooriginisas. (n=0,z=0)

#»(0)=0~e=0

u= g(z[f(n) +g(n)e] - %\;g(”) — k(e = o(n)) (3)

v

v

v

v

v
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Integrator Back Stepping

Lemma: Consider the system (1)-(2). Let ¢(n) be a stabilizing state
fb control law for (1) with $(0) =0, and V(n) be a Lyap fcn that

V < —W(n) for some p.d fcn W(n). Then, the state feedback control
law (3) stabilizes the origin of (1)-(2), with V(n) + [e — ¢(n)]?/2 as a
Lyap fcn. Moreover, if all the assumptions hold globally and V(n) is
"radially unbounded”, the origin will be g.a.s.

» Example: Consider

X1 = x12 — X13 + xo
5(2 = u
» Therefore n = x1,6 = x»
» To stabilize x; = 0: xo = ¢(x1) = —X12 — X1
» .. the nonlinear term X12 is canceled: X1 = —x1 — xf’

» Why —x3 is not canceled?
V(x) = x2/2wV = —x2 —x} < —x, ¥x1 € R

» . The origin of X1 is g.e.s.

v
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Outline Integrator Back Stepping eral Form Unc

» To backstep: zp = xp — ¢(x1) = x2 + x1 + xf

> Hence

: _ 3

X1 = —X1— X + 2>

Z = u-+ (1 + 2X1)(—X1 — X]:_)' + 22)
» Now take V. = %Xl2 + %222
> V. = —x2 —x¢ + z[x1 + (14 2x1)(—x1 — 3 + z2) + u]
>ou=-—x— (14+2q)(—x1 — X+ ) -z~ Ve=—x2 —x} — 23
» The origin is g.a.s
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Outline Integrator Back Stepping eral Form

» For higher order systems we
integrator back stepping

» Example: Consider
X1
X2
X3
> After 1 back stepping:
X1
X2

» that x3 is input is g.s. by:

can apply the recursive application of

= Xi —xf’—i—xQ

= Xi —xf—i—xz

x3=—x1 — (1 +2x1)(—x1 — 3 + 22) — (x2 + x1 + x2) = (x1, x2)
» and V(xy,x2) = éxlz + = (X2 +x1 +x1)
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Outline Integrator Back Stepping o neral Form | j Tracking

» Backstep again: z3 = x3 — ¢(x1, x2)

o= 2 -x+x

X2 = ¢(xa,x)+ 2z

: d¢ %

X3 = u—a—)q(xlz—xf’+xz)—a—)<2(¢+23)

> Define Vo = V + 22 /2 V, =
—x¢—xt = (atx1+x3)2+z3[ % — 52 (R +x3+x2) — 52 (z3+¢) + ]

> “—_7+8XI(X1 +x3 +x2)—|—ax2(23+¢)—23

Ox
» The origin is g.a.s
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Outline Integ epping e General Form Uncertain Systems

Back Stepping for More General Form

» Consider

F(n) + g(n)e (4)
E = fa(n7€)+ga(777€)u

» f, and g, are smooth
> If g.(n,e) # 0 over the domain of interest: define

= ga(n’ )[ a— fa(na&')]

» if a stabilizing state feedback control law ¢(n) and a Lyap fen. V()
exists s.t. satisfy the conditions of Lemma:

gang)[a¢[f( ) +&(n)e] = Bre(n) — ke — d(n)] — fa(n,2)] k>0
> and Vc(n,€) = V() + 3[e — ()]
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Outline

Back Stepping for Strict-Feedback Systems

» By recursive backstepping we strict-FB systems can be stabilized:

X
z

z

Zp—1
Zy

x € R"

vV vy vyy

fo(x) + go(x)z1
f(x,z1) + gi(x,z1)
h(x, z1,22) + g2(x, 21, 22) z3

fie1(x, 21,y zk—1) + gr—1(X, 21, - - ., Zk—1) 2k
f(x,z1, ..oy zk) + gk(x, 21, . ..,z )u

71 to z, are scalar
f(0) to f,(0) are zero
gi(x,z1,...,z;) # 0 for 1 <i < k over the domain of interest

» "strict FB" = f; and g; in z; only depends on x, zi, ..., Z;

Farzaneh Abdollahi
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Outline epping More General Form Uncertain System
OO0

» Start the recursive procedure with x = fo(x) + go(x)z1

» Determine a stabilizing state fb z; = ¢o(x), ¢0(0) =0 and
9% [fy(x) + go(x)do(x)] < —W(x), W(x) is p.d.
» Apply backstepping, consider

x = fo(x)+ go(x)z1
zn = f(x,z1)+ g1(x,z1)z
» The parameters can be defined as
n=x,e=z,u=2n, f="h g=g, h="h, ga=281
» The stabilizing state fb:
P1(x,z1) = é[%(fo +goz1) — P0go — ki(z1 — ) — A], ki >0
» The Lyap fen: Vi(x,z1) = Vo(x) + %[zl — ¢1(x)]?
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Outline Integrator Back Stepping More General Form Uncertain Systems Tr
(o]6]

» Now consider:

x = fo(x)+ go(x)z1
2 = fx,z1) +gi(x,21)2
2 = h(x,z1,22) + &(x,21,22)z3

» The parameters can be defined asn =[x z]|T, e =2z, u=2z, f =
[h+egzn AT, g=[0 &]”, =1, ga=g
> The stabilizing state fb O2(x, 21, 22) =
LIG(fh+goz1) + 52 (A + 8122) — Fig — ka(z2— 9) — ], ko >0
> The Lyap fen: Vo(x, z1,2) = Va(, z1x) + %[22 — ¢a(x, z1)]?
» This process should be repeated k times t obtain u = ¢x(x, z1, ..., zx)
and Layp fen Vi(x, z1, ..., zk)

» If a system has not defined in strict FB system, one can
transform the states by normal transformation
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Amirkabir

Outline Integrator Stepping More General Form Uncertain Systems Trajectory Tracking S eS

Example

» Stabilize the following system

= n —ne
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Outline Integrat

Example
» Stabilize the following system

= 1 —ne
E = u

By y = ¢ the system is nonminimum phase
2

Define e =n+n? and Vp = LS
Vo= —n*VneR

Use V = Vo + (e —n—n?)%/2~V =

—n* 4 (e == 0?)[=n? + u— (1 +20) (1 — ne)]

> so define u=n?+ (1 +2n)(n? —ne) — k(e —n —n?), k>0
V=t - k(e —n —n?)?

vV v v v

v
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Outline g eral Fo Uncertain Systems

Back Stepping for Uncertain Systems

» Consider the system:

f(n) + g(n)e + dy(n, €) (5)
e = fa(na 8) + ga(777 5)“ + 55(77a 5)

in domain D C R"™!

contains (n =0, =0); n € R",e € R

all fcns are smooth

If ga(n, ) # 0 over the domain of interest

f,g,fs, 8 are known; d,, d. are uncertain terms
f(0) =0 and £,(0,0) =0

vV VvV vV VY VY

[on(m,e)llz < aulinll2 (6)
0=(n,€)l < aallnll2 + asle

» Note: The upper bound on d,(n,€) only depends on 7.
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Qutline Integrator Back Ste|

» V/(n) for the first equation is
Gelf(n) + g(n)d(n) + 6,(n,€)] < =blln|l3; bis pos. const.
» -n=0isas. Equ. point of 7 = f(n) + g(n)p(n) + §,(n,€)
> Suppose [9(n)] < aalinll2, \I%llz < as (7)
» Consider the Layp fcn for whole system:
Ve(n,€) = V() + 3[e — o(n)]?
> Ve = G01f () + g(n)é(n) + 6y(n, )] + Gl g(e — ¢) + (e = O)lfa +
gall + 0c — G2(f + ge + 6,)]
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Outline Integrator Back Stepping General Form  Uncertain Systems T

» V(n) for the first equation is
Golf(n) + g(m)é(n) + 8y(n,€)] < —bl|n]3; b is pos. const.
> n=0isas. Equ. point of 1) = f(n) + g(n)¢(n) + d,(n, €)
> Suppose [6(n)] < aalinll2, ”877“2 < a5 (7)
» Consider the Layp fcn for whole system:
Ve(n,e) = V(1) + 3le — o(n))?
> Ve = GLIF(n) + gm)e(n) + 0y(n.€)] + 57 g(e — ¢) + (e — d)[fa +
8al +0- — F2(f + ge +6,)]
» Choose u = é[—fa + %f;(f-i-gef) — %g —k(e—9), k>0
> Ve < —blll3+ 2ssllnllale — 6] — (K — ) — 92 =

_{ Inl2 H b —a H e } 2y _ mtmn
le — ¢ —ae (k—a3) || le—¢l| | 2

P
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Outline g reral Form Uncertain Systems

Golf(n) + g(m)é(n) + 8y(n,€)] < —blln]3; b is pos. const.
> -m=0isas. Equ. point of /) = f(n) + g(n)p(n) + dy(n, )
> Suppose [o(n)] < aal[nll2, II%llz < as (7)
» Consider the Layp fcn for whole system:
Ve(n,e) = V(n) + 3[e — o(n)]?
> Ve = GLIF(n) + gm)e(n) + 0y(n.€)] + 57 g(e — ¢) + (e — d)[fa +
8all + 0- — F2(f + ge +6,)]
» Choose u = é[—fa + g—f;(f + ge) — %g —k(e—9)], k>0
> Ve < —blln[13 + 2as|nll2le — ¢| — (k — a3)(c — ¢)* =

[ Inl2 H b —a H e } 2y _ bz
le — ¢ —ae (k—a3) || le—¢l| | 2

P
2 .
> Choose k > a3 + 3~ Ve < =Amin(P)[|Inll3 + |e — ¢[?]
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Uncertain Systems

» Lemma: Consider the system (5), where the uncertainty satisfies
inequalities (6). Let ¢(n) be a stabilizing state fb control law that
satisfies (7), and V/(n) be a Lyap. fcn that guarantee a.s. of the first
Equatin of (5). Then the given state feedback control law in previous
slide, with k sufficiently large, stabilizes the origin of (5). Moreover, if all
the assumptions hold globally and V/(n) is radially unbounded, the origin
will be g.a.s.
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Outline Integre g ore General Form Uncertain Systems Traj

Trajectory Tracking for A Second Order System [1], [2]
» A 3 link underactuated manipulator

» The first two translational joints are actuated
» The third revolute joint is not actuated
» The linear approximation of this system is not

controllable since it is not influenced by gravity
; y
» The dynamics: . _
myt — malsin(0)0 — mzlcos(0)9?> =
my iy, + m3/cos(0)9 — mg,lsin(e)é2 =
Ia - m3l5in(0).’;x + m3/COS(0).I;)y =0
A + Fesin(0) + Fycos(f) =
— 4
where [ry, ry]: displacement of third joint; 0 Tx

orientation of third link respect to x axis; 71 T»:
input of actuated joints; m;: mass, /;: inertia;
A= (/3 + m3/2)/(m3/)

Farzaneh Abdollahi Nonlinear Control Lecture 10 18/27



neral Form Uncertain Sy:s

» Transform the dynamics by:

stems TraJectory Tracking

€1 rx + A(cos(0) — 1)
1
g | = tan(0) }
2
€3 ry + Asin(0
—mzlcos(0)02 + (m, — —25m 2(0))vx + ()\ in(6)cos(8))v,
—mzlsin(6)6? + (fracl)\2sm( )cos(0)) vk + (my, — pcosz(e))vy
> where [ Y } =
Vy
[ c?s(ﬁ) sin(6) } cos(e) = Iy + m3P2
sin(f)  —cos(0) M(uacos?(6) — Dtheta” tan(0)
» Therefore
51 = U
gy = Wy
53 = ¢&olx
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Outline Integrator Bac y eral Form Unc

d -d

» Objective: The states track the prescribed path by €€l

» Define the tracking error x = ¢ — g4
X1 = X12 X12 = U1 — Uid (8)
X1 = Xp2 Xo1 = U2 — Ud
X31 = X3 X3 = Xo1U14 + €21(U1 — U1q)

» Now the problem is finding u; and up to make system (8) g.a.s.
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Qutline Integrator eneral Form U

> Let us redefine the system into three subsystems:

X31 = X32
Aq .
X320 = Xo1U1d + €21(U1 — U1q)

X21 = X
A, X 22
Xo2 = Up — Uag

n X11 = X12
X12 = U1 — U14

» First we find uy to stabilize [T ~u1 = U1y
» Then find wu, to stabilize A7 and A

Farzaneh Abdollahi Nonlinear Control Lecture 10
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Outline Int: ral Form U

Stabilzing N

X11 = X
>l xu 12
X12 = U1 — Uid

» This system can be stabilized by defining

Uy = Uig — kixi1 — koxia, ki1 >0, kp >0 (9)

» where P(A\) = A2 + ki \ + ko is Hurwitz
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Outline | | Form  Uncertain

Stabilizing A

» Assuming that u; — u1g =0, A; can be written as

X31 = X:
Al 31 32
X32 = X21U1d

Objective looking to design a stabilizing feedback x21
Assume uq4 is uniformly bounded in t and smooth

Considering x32 as virtual input

vV v v.Y

It can be easily shown that ¢; = —clu%dxm, c1 > 0 can stabilize the
first eq.

» Following the back stepping procedure ~~ stabilizing x»; is

X1 = o = —%ﬂ —(2c1ingurg + 1)xi3 — crud xs2 — o crugy + uiyxs)] =

: 1
—(arcoud, + 2c1ing + upy)xas — (Clurg + couig)x32
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Outline g neral Form Uncertain S jectory Tracking
o

Stabilizing A,
> Ayl X21 = X22
X22 = U2 — U2d
With u; = w1y, A; is e.sabilized by x12 = ¢»
Apply backstepping to find uy:
Define xo1 = x01 — ¢
X1 = xo1 — L[]
Now define Xoo = x90 — ¢3, (253 = —C3Xo1 + %[(]52]
It can be easily find that the following us can stabilize the system

vV vV vV v v VY

Uy — lUpg = —CaXp2 + *[¢3] (10)

[¢2]

d
= - (G + a)xe + aad + (6 +a) o]+ dtz

» It has been shown that (9) and (10) can e.stabilized (8). [1]
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Outline g ral Form Uncertain Systems Trajectory Tracking
JoteteY Yolo)

Simulation Results

» For the 3 link manipulator consider the following desired traj:
rvd = risin(at) — A(cos(arctan(rycos(at))) — 1)
ryg = “g?sin(2at) — Asin(arctan(racos(at)))
04(t) = arctan(rcos(at))
» Define: n=mnr=a=1, k 24,/(2 :2\@,C1 :2,C2 I2,C3 :4,C4 =14

> The results of tracking is shown in Figs.
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trajectory g = [rz,ry,6]

Trajectory Tracking
(0] (0]

input 7 = [z, 7y}

input error 7 — 74

5 10

reference gg = [z, Tya, 0a)

5 10
reference 74 = (714, T2a)

Tracking of the trajectory (37); co-ordinates of the mechanical system (27) with respect to time,

re (solid). ry (dashed), € (dash-dotted), inputs 1. (solid). 7, (dashed).

Nonlinear C

Lecture




i . Amirkabir
Trajectory Tracking Lo i

variable £ = [£1, €2, £3] inputs u = [u1, u2]

tracking-error £ — &g input error u — uy

0 & 10

time time

Tracking of the trajectory (36): co-ordinates of the second-order chained form system (32), &,
(solid). &, (dashed), &; (dash-dotted). inputs u; (solid) u; (dashed).
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Trajectory Tracking
OO0

[ N.P. Aneke,y. H. Nijmeijerz, and A. G. Jager, “Tracking
control of second-order chained form systems by cascaded
backstepping,” International Journal of Robust and Nonlinear
Control vol. 95, no.115 , pp. 95-115, 2003.

[§ A. Isidori, F.L. Lagarrigue, W. Respondek, Nonlinear Control
in The Year 2000.
Springer, 2001.
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