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Design of a Fuzzy Approximator

Systems as Universal Approximators

Outline Some Classes of Fuzzy Systems Fuzz

» Among 45 types of fuzzy systems obtained by combining different
types of inference engines (5), fuzzifiers (3), and defuzzifiers (3) just
some of them are useful.

» Fuzzy Systems with Center Average Defuzzifier

» Suppose that the output fuzzy set B’ is normal with center y/. Then
the fuzzy systems with

> canonical fuzzy rule base,
> product inference engine,
> singleton fuzzifier,

> center average defuzzifier

are of the following form:

Sty V(T pag(6))
S (T ()

where x € U C R" is input; f(x) = y* € V C R is output

f(x) = (1)
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Outline Some Classes of Fuzzy Systems Fuzz
» Fuzzy Systems with Center Average Defuzzifier
» Suppose that the output fuzzy set B’ is normal with center y/. Then
the fuzzy systems with

> canonical fuzzy rule base,
> product inference engine,
> singleton fuzzifier,

> center average defuzzifier

are of the following form:

>ty V(T rag (7))
f(x)= 1
- Z/A(H/A/’A;’(Xf ) @

where x € U C R" is input; f(x) = y* € V C R is output
> Using singleton fuzzifier and product inf. eng.
per(y) = maxll\il[H:?:l Hal () e (v)]
» Assume for /th rule, ¥ is the center, since B' is normal, height of ¥’ is
[Ty a6 )i (v) = Ty 1w ()

» Define y* = f(x) and using center of average defuzzifier yields (1)
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» Using (1), one can provide a systematic procedure for transforming a
set of linguistic rules into a nonlinear mapping.

» The most popular mem. fcn of py, ppgi is Gaussian:

() = alexpl— ()
pgi(y) = exp[—(y — y ]

YT afexp[—(”;f"m)
S (T afewl— (7))

» Other choices could be triangular and trapezoid mem. fen.
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Outline Some Classes of Fuzzy Systems Fuzzy Systems as Universal Approximators Design of a Fuzzy Approximator

» Another class of commonly used fuzzy systems is obtained by replacing
the product inference engine with the minimum inference engine.
» A Fuzzy system with canonical fuzzy rule base

» minimum inference engine
» singleton fuzzifier
» center average defuzzifier

are of the following form:

S 7 (Minfy o (xF))
f(x) = !
( ) Z,,\fl(minf’ 1//Af(X;‘<))

(3)
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» Since Supycyv and min are not always interchangeable, obtaining
closed-form formulas for fuzzy systems with maximum defuzzifier and
Lukasiewicz, Zadeh, or Dienes-Rescher inference engines is difficult

» For such systems the output of the fuzzy system has to be computed
in a step-by-step fashion:

» computing the outputs of fuzzifier,
» fuzzy inference engine,
» and then defuzzifier
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Fuzzy Systems as Universal Approximators

» We are interested to investigate the capability of fuzzy systems as a
function approximator

» It is useful in controllers, decision makers, signal processors and etc.

» Universal Approximation Theorem Suppose that the input universe
of discourse U is a compact set in R™: Then, for any given real
continuous function g(x) on U and arbitrary € > 0, there exists a
fuzzy system f(x) in the form of (2) s.t. sup,;,y |f(x) — g(x)| <€

» Proof: is Obtained using Stone-Weierstrass Theorem,

» The fuzzy systems with product inference engine, singleton fuzzifier,

center average defuzzifier, and Gaussian membership functions are
universal approximators.
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» The universal approximator theorem guarantees only existence a fuzzy
system capable in approximating any function to arbitrary accuracy.

» For engineers just knowing the existence is not enough

» They should develop such fuzzy system!!
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Nonlinear Approximator

» Depending upon the information provided, we may or may not find
the optimal fuzzy system.
» Three situations can be considered:
1.
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Nonlinear Approximator

» Depending upon the information provided, we may or may not find
the optimal fuzzy system.
» Three situations can be considered:
1. The analytic formula of g(x) is

> If we know g(x), we do not need to estimate it ~~ we are not
investigating this
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Nonlinear Approximator

» Depending upon the information provided, we may or may not find
the optimal fuzzy system.
> Three situations can be considered:
1. The analytic formula of g(x) is
> If we know g(x), we do not need to estimate it ~~ we are not
investigating this
2. The analytic formula of g(x) is unknown, but Vx € U we can determine
the corresponding g(x);

> g(x) is a black box
> Only 1/0 is known. not more details
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Outline Some Classes

Nonlinear Approximator

» Depending upon the information provided, we may or may not find
the optimal fuzzy system.

> Three situations can be considered:
1. The analytic formula of g(x) is
> If we know g(x), we do not need to estimate it ~~ we are not
investigating this
2. The analytic formula of g(x) is unknown, but Vx € U we can determine
the corresponding g(x);
> g(x) is a black box
> Only 1/0 is known. not more details
3. The analytic formula of g(x) is unknown and we are provided only a
limited number of 1/O (x;, g(x;)) , where x; € U cannot be arbitrarily
chosen.
> especially true for fuzzy control when due to stability requirements
arbitrary input values may not be possible
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Preliminary Definitions

» Pseudo-Trapezoid Membership Function Let
[a,d] C R. The pseudo-trapezoid membership
function of fuzzy set A is a continuous function

in R given by
/(X) X € [a7 b) Ralxiaz,bae2.d2)
_ B H x[b, c] 4 ,
/,LA(X, d, b, C, d, H) = D(X) x € (C, d] 1 Ha(x;-00,-00,01,dp) HA(X;23,b3,00,00)
0 R-—(ab)

where
» a<b<c<d
» 0<H<1,H=1if Ais normal
» 0</(x)<1
» 0 < D(x) <1 a nondecreasing function in [c, d)

LI g

€ dy a3 by ¢ a3 d, by

> a=d=o00,b=c=X
I(x) = D(x) = exp(—(*3%)%)
» . They become Gaussian membership functions
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Fuzzy Systems as Universal Approximators

» Completeness of Fuzzy Sets: Fuzzy sets AL, A%,... AN c W CR
are said to be complete on W if for any x € W, there exists A; s.t.

fia;(x) > 0.
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» Completeness of Fuzzy Sets: Fuzzy sets AL, A2, ... ANe W CR
are said to be complete on W if for any x € W, there exists A; s.t.

fa;(x) > 0.
» Consistency of Fuzzy Sets Fuzzy sets are said to be consistent on
W if p1a,(x) = 1 for some x € W=-pa,(x) = OVi # j
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» Completeness of Fuzzy Sets: Fuzzy sets AL, A2, ... ANe W CR
are said to be complete on W if for any x € W, there exists A; s.t.
fa;(x) > 0.

» Consistency of Fuzzy Sets Fuzzy sets are said to be consistent on
W if pia,(x) = 1 for some x € W=-pa,(x) = OVi # j

» High Set of Fuzzy Set. The high set of a fuzzy set Ac W C Risa
subset in W: hgh(A) = {x € W|ua(x) = supycw pa(x’)}

» If Ais a normal fuzzy set with pseudo-trapezoid mem. fcn.
hgh(A) = [b, c].
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» Completeness of Fuzzy Sets: Fuzzy sets A1, A2, ... ANe W CR
are said to be complete on W if for any x € W, there exists A; s.t.
pa;(x) > 0.

» Consistency of Fuzzy Sets Fuzzy sets are said to be consistent on
W if pia,(x) = 1 for some x € W=-pa,(x) = OVi # j

» High Set of Fuzzy Set. The high set of a fuzzy set Ac W C Risa
subset in W: hgh(A) = {x € W|ua(x) = supcw pa(x’)}

» If Ais a normal fuzzy set with pseudo-trapezoid mem. fcn.
hgh(A) = [b, c].

» Order Between Fuzzy Sets For two fuzzy sets Aand Be€ W C R,

A > B if hgh(A) > hgh(B)
> i.e., x € hgh(A) and x" € hgh(B)~x > x’
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» Lemma: If AL, A, ..., AN are consistent and normal fuzzy sets in
W C R with pseudo-trapezoid membership functions
wai(x; ai, by iy di)(i = 1,2, ..., N), then there exists a rearrangement
{il, 2, ooy iN} of {1, 2,..., N} s.t.
Al < A2 < < AN
» If Al < A2 < ... < AN then
¢ < a1 < d,’ < [),"1 for i = 1,2,...7/\/—1.

2 b; S 81 di biyp Gy digg
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Design of a Fuzzy Approximator

» Suppose Vx € U, g(x) is available.
» Objective: Approximate g(x)
» The results can be extended for more
than 2 inputs
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Design of a Fuzzy Approximator
» Suppose Vx € U, g(x) is available.
» Objective: Approximate g(x)

» The results can be extended for more
than 2 inputs

1. Define fuzzy sets A}, A2, ...,A,{V", i=1,2
in [, , Bi] which are normal, consistent,
complete with pesudo-trapezoid

membership functions
> /J'Al(xlvaub/lvclvdll)
N'A (XH a; 7b,N’ Ci 7le)
» Al < A2 << AN
> al —bl—a,andc —dN =G
> Define e} —al,el '=
e = (bj+CJ)f0r_j—2 SNy —1
> e21—a2,62 =, &= (b’+c’)for
.y N271
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Design of a Fuzzy Approximator
» Suppose Vx € U, g(x) is available.
» Objective: Approximate g(x)
» The results can be extended for more
than 2 inputs Eg: Ny =3,N, =4,
1. Define fuzzy sets A A, , ...,AN’ i=1,2 a=0=0,

10

in [, , Bi] which are normal, consistent, 71 = 32 =1

complete with pesudo-trapezoid
membership functions
> par(x1, af, b,l,c, 7d,l) e
N'A (XH bIIV’ G le)
» Al < A2 << AN X
. _bl_a, and ' = d' = 5,
> Defme e1 = a, e1 = 1, A A AP

e = (bj+CJ)f0r_j—2 SNy —1

> e21—a2,62 =B, & = (b’ +d) for

j:2 ...,N271

)
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Design of a Fuzzy Approximator

2. Construct M = Ny x Ny fuzzy IF-THEN rules:
Ru2 : IF x1 is Al and x is A2, THEN y is B2
> i1 = 1,2, ceny Nl, i2 = 1, ceny N2
» The center of fuzzy set B2 is y'i2 = g(ell, el?)
» In E.g., There are 3 x 4 = 12 rules; y" are the 12 dark points
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2. Construct M = Ny x N fuzzy IF-THEN rules:
Ruvz : |F xq is Al and xp is A2, THEN y is Bi”
> .1 = 1 2 le 2 = 1 N
» The center of fuzzy set B’l’2 is 71 = g(ef', &%)
» In E.g., There are 3 x 4 = 12 rules; y’l’2 are the 12 dark points

3. Construct the fuzzy system f(x) from the Ny x Ny rules, using product
inference englne singleton fuzzifier ; and center average defuzzifier
F(x) = Z,l 12,2 712 (g (Xl)MAQ(Xz))

Zrl 1212 1('U‘A1(X1):“A2(X2))

> The fuzzy sets AL...AM are complete ~~f(x) is well defined
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