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Introduction

» Perviously, we have seen that by using convolution, LTI systems can
be represented by linear combination of linear impulses.

» Now we are going to describe LTI systems based on linear
combination of a set of basic signals (complex exponentials).

» Based on superposition property of LTI systems, response to any input
including linear combination of basic signals is the same linear
combination of the individual responses to each of the basic signals

» At first, CT/DT periodic signals are described by Fourier Series

» Then Fourier transform is introduced to represent aperiodic signals
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LTI Systems Response to Complex Exponential Signals

» For analyzing LTI system, the signals can be represented as a linear
combination of basic signals.
» The basic signals should
1. be able to be used to construct a wide range of useful class of signals
2. have simple structure in LTI system response.
» Complex exponential signals are good candidate for basic signal since
» its LTI system response is the same complex exponential with different

amplitude
» for CT: e*"*—H(s)e*t (H(s): a function of s)
» for DT: z"—H(z)z" (H(z): a function of z)
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» Eigenfunction: a signal for which the system output is a modulus of
input.
» The constant value which can be complex is called eigenvalue.
» Consider input signal: x(t) = e

y(£) = [, h(r)estTdr = et / h(r)e T dr = H(s)e™

—0o0

H(s)
» . x(t) = e is an eigenfunction

» Consider input signal: x[n] = z":

ylnl =30 hlklz" K =2" Y h[klz™ = H(z)z"
k=—00

H(z)
» . x[n] = z" is an eigenfunction
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LTI Systems Response to Complex Exponential Signals

> x(t) = Dk o ake™ =y(t) = Dl oo akH(sk)e
> x[n] =307 o akzg—y[n] = 2 o aH(2) 2"
» For now assume that s and z are purely imaginary:
> s=jwwe5t:ej“’t
> Z:ejwwzn:eiwn

Farzaneh Abdollahi Signal and Systems Lecture 3 6/19



Outline LTI Systei o Complex Exponentia Series for CT Signals Properties of CT Four

Fourier Series for CT Signals
» Fourier series can represent CT periodic signals

» Remember the definition of periodic signals: x(t) = x(t + T) with
fundamental period T and fundamental frequency wg = 2%
x(t) = et is a periodic signal with fundamental freq. wp
Remember the harmonically related complex exponentials:
oi(t) = ekt = KCF)E f— 0 41, 42, ...

» Each harmonic has fundamental freq. which is a multiply of wq

vy

A linear combination of harmonically related complex exponentials:

v

oo o0
X(t) — Z akejkwot _ Z akejk27r/T1.“ (1)
k=—00 k=—o00
> it is periodic with period T
» k = +1 have fundamental freq. wp (first harmonic)
» k = £N have fundamental freq. Nwy (Nth harmonic)
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Fourier Series for CT Signals

» Equation (1) is Fourier Series representation:
[e.e] [o.@]
x(t) = Z a ekt — Z a,ek2m/ Tt
k=—00 k=—0o0
» Now if x(t) is real:
> x(t) =1 (t) = YO age et
> k= —k~x(t)= 1 a* ekt
> ag=a",
> If gy is real: ay = a_.
> x(t) = ap + D50, akelkwot 4 g e ikwot =
a0 + Do axelkent 4 gt eikwot = g5 4 2570 | Re{agelkwot}
» Describe a, by polar representation: a, = Ajel%:
» Second definition of Fourier Series: x(t) = ag + 2> ,—; Axcos(kwot + 6x)
» Describe a, by Cartesian representation: ay = By + jCx:

» Third definition of Fourier Series:
x(t) = a0 + 2,2, Brcos(kwot) — Cysin(kwot)
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How to find coefficient ay

> Rewrite Fourier series: x(t) = Y3° _ aje/kwot

» Multiply both sides by e /™0t : x(t)e™mwot = 3% 5, e/kwot gminwo
> Take fOT : foT x(t)e Imotdt = fo S agellknwot gy

» T is fundamental period of x(t):

T ) & T
/ X(t)e—anotdt — Z ay / el(k—n)wotdt (2)
0 k=—o00 0

> Use Euler's formula:
T ei(k=n)wot gy — cos — n)wot)dt +j [} sin((k — n)wot)dt
0

> cos((k — n)wot) and sm((k — n)wot) are periodic with fundamental

il T
period: pa—
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> ekt — { oo

» Substituting the above equation to (2): fOT x(t)e inwotdt = a2, T
» Analysis Equation of Fourier Series: a, = + '/bT x(t)eJnwot gt

» Synthesis Equation of Fourier Series: x(t) = >_0°__ age/kwot

» dc or constant component of x(t): ap = + [, x(t)dt
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Example: Fourier Series of periodic square wave

x(t)

1 |t| < T

0 T1 <t <T)2
T
2

> dc gain: ag = L [7; x(t)dt = 2

N[~

-
T . .
> k#0: ap =+ [2; x(t)eFkeotgr = 2 [T e Jkwot df —
2
—1 efjkwot’Tl _ sinkonl
Jkaoo T T T kn
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Example Cont'd
| 2 a) T:4T1, b) T:8T1

A a _l i l I l-l 1 . Lgrat
T R [ I—zozl | K
[a)
i““ll 1 Al
= Al s — 1 b1 ]Il_.q 0 ‘I_I_l'i 1 U -
{b)
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Fourier Series Convergence

» How can one guarantee that y 72 ai ekt represent a periodic signal
x(t)?
> Let us use an engineering tool named "approximation error”:
» Assume that a periodic signal can be expressed by linear combination of
s : . N jkwot
limited complex exponential terms: xy(t) = >_,_ ) axe/®
» Approximation error ey is defined: ey = x(t) — xn(t)
> The energy of the error in one period: Ey = [ |en(t)[?dt
» It can be shown that to achieve min Ey, one should define (show it!):
ak = + [ x(t)e Fheotdt
NT~En]

» N — oo~ limEy — 0

v
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Fourier Series Convergence

» If a — oo the approximation will diverge

» Even for bounded a, the approximation may not be applicable for all
periodic signals.
» Convergence Conditions of Fourier Series Approximation
1. Energy of signal should be a finite in a period: [ [x(t)["dt < oc
» This condition only guarantees Ey — 0
> It does not guarantee that x(t) equals to its Fourier series at each moment t
2. Drichlet Conditions
> Over any period, x(t) must be absolutely integrable: |, [x(t)/dt < oc
- with square integrability condition, it guarantees |ax| < oo
> In a single period, x(t) should have finite number of max and min

> In any finite interval of time, there are only a finite number of
discontinuities. Each discontinuity should be finite.

Farzaneh Abdollahi Signal and Systems Lecture 3 14/19



. = e . . . - B Amirkabir
Outline E onse to Complex Exponential Signals Fourier Series for CT Signals Properties of CT Fourier SESSaasts

(0

®)

x(t)

RS

Farzaneh Abdollahi Signal and Systems Lecture 3




Outline LTI

Gibbs Phenomenon

» It happens for FS of piecewise continuous periodic signals with bounded
discontinuities.

» FS produces ripples in the vicinity of discontinuity.

» By Increasing N

» the ripples concentrates around discontinuities.
» Total energy of the ripples decreases
» BUT the amplitude of the largest ripple does not change
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Gibb’'s Phenomenon
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Properties of CT Fourier Series

» Consider x(t) and y(t): periodic signals with same fundamental period T
> x(t)<ak, y(t)= by
> Linearity: Ax(t) 4+ By(t)<Aax + Bby
» Time Shifting: x(t — to)<>a,e Jkwoto
> In time shifting magnitude of Fs coefficient remains the same but its angel
is changed
» Time Reversal: x(—t)<a_k
> even x(t)& even ag: ax = a—i
» odd x(t)< odd ax: ax = —a_k
» Time Scaling x(at)<ax but fundamental period g

Farzaneh Abdollahi Signal and Systems Lecture 3 18/19



Outline LTI Sy o Complex Exponentia i ¢ Properties of CT Fourier

Properties of CT Fourier Series

» Multiplication: x(t)y(t)<hx => 72 . aibk—; (DT convolution between
coefficients)
» Conjugation and Conjugate Symmetry:

v

Real x(t)<a_k = a (conjugate symmetric)

Real and even x(t)<ay = aj (real and even ay)

Real and odd x(t)<-ax = —aj (purely imaginary and odd ax), ag =0
Even part of x(t)<Re{ak} (show it!)

Odd part of x(t)<jZm{ac} (show it!)

» Periodic convolution' x(t) * y(t) (for one period)

fT7/.§2 t*T)dT<:>Takbk

> Parseval’s Relation: [ |x(t)|?dt = >3 |ak|?

» Total average power = sum of average power in all harmonic components
» Energy in time domain equals to energy in frequency domain

vV v vVvYy
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