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Abstract—In this paper, a new digital-to-analog converter
(DAC) is proposed for multi-bit continuous-time sigma-delta
modulators ( Ms). This -finite-impulse-response-DAC
( -FIR-DAC) digitally converts the multi-bit output of the
quantizer to a 1.5-bit signal at a higher rate and then injects
it to the modulator loop filter by using a 1.5-bit DAC. An FIR
filter is merged into 1.5-bit DAC to improve the clock jitter
insensitivity. Furthermore, a new implementation of FIR-DAC is
presented to reduce the output rate of -FIR-DAC down to the
original rate of the modulator. This reduced rate -FIR-DAC
(RR- -FIR-DAC) can be used in both continuous-time and
discrete-time Ms. Theoretical analysis supported by simula-
tion results are provided to evaluate the performance, clock jitter
immunity and robustness against DAC elements mismatch in the
proposed modulators.

Index Terms—Sigma-delta modulators, multi-bit DAC,
FIR-DAC, -FIR-DAC, reduced rate -FIR-DAC.

I. INTRODUCTION

M ULTI-BIT sigma-delta modulators ( Ms) have
various advantages over single bit ones such as the

improved stability and accuracy and reduced sensitivity to
the clock jitter. Besides, the multi-bit feedback signal results
in reduced swing and slew-rate in integrators, and hence, the
multi-bit modulators require relaxed amplifiers to realize the
loop filter [1], [2]. However, they are sensitive to the mis-
match among the DAC unit elements resulting in a degraded
signal-to-noise plus distortion ratio (SNDR). In reality, the
modulator’s resolution can be limited by the linearity of the
outermost feedback multi-bit DAC.
Several solutions have been introduced to alleviate this

problem. Two common solutions are the dynamic element
matching (DEM) [3]–[5] and the digital calibration [6], [7].
However, the performance of DEM techniques is degraded
when the modulator’s oversampling ratio (OSR) is decreased
[6], [8] and digital background calibration techniques need
more digital hardware to realize.
Dual quantization is another solution, where the outer feed-

back signal is digitally quantized to a 1-bit signal and thereby
solves the outer loop’s DAC nonlinearity [9]–[12]. Nonethe-
less, this technique has two main drawbacks. Firstly, in order to
cancel the digital quantization error, additional feedback paths
[9]–[11] or a very high OSR are required [12]. Secondly, in
continuous-time (CT) Ms, the 1-bit outer feedback DAC is
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Fig. 1. General block diagram of a -DAC.

more sensitive to the clock jitter [11]. Although the sensitivity
to the clock jitter can be alleviated by using a finite impulse re-
sponse (FIR) filter [11], but additional error cancellation feed-
back paths are still required.
As another solution, the multi-bit feedback signal can be

transferred to a PWM signal by using a digital block [8],
[13], or the whole multi-bit quantizer can be replaced by a
PWM-based quantizer [14], [15]. Consequently, the modulator
needs a linear single element DAC, while the corresponding
two-level (or three-level) PWM signal has a multi-bit nature.
However, for an -bit quantizer, the PWM block requires
a time-resolution times more than that of the modulator.
Hence, the maximum admissible clock jitter is strictly limited
[8]. Furthermore, the linearity of digital PWM block depends
on the matching of its corresponding clock phases [8].
In this paper, a new DAC is proposed to solve the linearity

problem in multi-bit modulators while preserving their clock
jitter immunity. In the outermost feedback path, a sigma-delta
DAC ( -DAC) takes the place of multi-bit DAC. This DAC
converts the multi-bit signal of the main loop to a higher rate
1.5-bit signal, where the differential implementation of a 1.5-bit
DAC is inherently linear [16]. The clock jitter immunity of the
modulator is improved by using an FIR filter combined with 1.5
bit DACwhich is named as the FIR-DAC [13]. Moreover, a new
implementation of FIR-DAC is proposed to reduce the rate of

-FIR-DAC down to the original rate of the main modulator.
This proposed reduced rate -FIR-DAC (RR- -FIR-DAC)
can be used in both CT and discrete-time (DT) Ms.
The paper is organized as follows. The operation of -DAC

is briefly reviewed in Section II. The proposed CT- Ms with
-FIR-DAC is presented in Section III. Section IV introduces

the proposed RR- -FIR-DAC. The robustness against DAC
elements mismatch and the clock jitter immunity in proposed
DACs are examined in Sections V and VI, respectively. The
proposed Ms are compared with conventional multi-bit
modulators in Section VII. Finally, Section VIII concludes the
paper.

II. OPERATION OF -DAC

-DACs benefit from both the oversampling and noise-
shaping techniques to realize a high resolution DAC [1]. It
converts a high resolution multi-bit digital signal at the rate of
to an analog signal by using a low resolution DAC at the

1549-8328 © 2013 IEEE
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Fig. 2. Proposed CT- M with -FIR-DAC.

rate of , where is the OSR of -DAC. As shown in
Fig. 1, a -DAC comprises of four main building blocks:
an interpolation filter (IF), a digital sigma-delta modulator

, a low resolution DAC, and an analog low-pass
filter (LPF).
The IF block, firstly raises the sampling frequency to

to allow the subsequent noise shaping, and then suppresses the
spectra replicas centered at . The side-
band suppression improves the dynamic range of D M by
attenuating the out-of-band signals without affecting the base-
band input signal spectrum [1]. High orders of IF impose a sig-
nificant latency, which is not desired when the -DAC is used
in the feedback path of Ms. An up-sampling by a factor of
usually needs inserting zeros between two adjacent sam-
ples. Here, the up-sampling is done by repeating each sample
for times. This is equivalent to filter the up-sampled data by a
sinc filter, , and thus, the spectra replicas
centered at are attenuated. In order to
implement the IF block, the D M samples its input signal for
times during the modulator’s time period, .
The D M is used to reduce the word length of its input

signal. If the word length is reduced to 1.5-bit, then the subse-
quent differential DAC would be inherently linear [16]. Finally,
the LPF suppresses the out-of-band noise of D M.

III. PROPOSED -FIR-DAC

Fig. 2 illustrates a CT- M, where the proposed
-FIR-DAC is employed in the outermost feedback path

and is selected as the modulator output signal. The
up-sampler of -FIR-DAC converts the -bit output signal
of ADC, , to a higher rate multi-bit signal, , as

(1)

A delay free and unity signal transfer function D M is used
in Fig. 2 in which the quantizer passes both the sign and most
significant bits and truncates the other bits. Therefore, it adds
a negligible delay to the system due to the input adder. The
feedback loop of D M shapes out the quantization noise.

By using a linear model, the modulator output signal is given
by

(2)

where and are the input signal, ADC’s
quantization noise, and digital quantization noise, respectively.

, and denote (the dis-
crete-time equivalent of) modulator input signal, quantization
noise, and digital quantization noise transfer functions, re-
spectively. and the other errors of D M (e.g., the
finite word length error) are shaped by . Besides, by
choosing and is
shaped by an additional first or second order high-pass filter,
respectively. The DAC in the second loop can be driven either
by or , and hence, can be a first or a
second order high-pass filter, respectively. The conventional
DACs at the other feedback paths are driven by .
Although the differential implementation of a 1.5-bit DAC

(driven by ) is inherently linear [16], but such DAC is
much more sensitive to the clock jitter compared to a conven-
tional multi-bit DAC. Thus, is injected to the first inte-
grator through an FIR filter embedded in the body of FIR-DAC.
As a result, the difference between two adjacent DAC output
samples is reduced, which improves the clock jitter immunity
of the 1.5-bit DAC [11], [13]. The FIR filter, i.e., , is im-
plemented pseudo digitally in the body of the 1.5-bit DAC [17]
making an FIR-DAC. The filtering portion of the FIR-DAC is
shown in Fig. 2. In this figure, the delay line is implemented
by 2 latches. The analog parts of FIR-DAC (the adder
and the coefficients, are implemented in the
body of first integrator (e.g., through weighted current cells in-
jected to the amplifier’s virtual ground). is designed to be
a low-pass FIR filter with a dB cutoff frequency at .
Also, should be practically realizable with DAC elements.
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As will be explained in Section IV, is selected as a
filter

(3)

The OSR of CT- M is and the up-sampler increases it by
a factor of , and hence, related to the signal bandwidth of the
main modulator, the -FIR-DAC has an OSR of .
Although the -FIR-DAC operates at a higher rate com-

pared to the main modulator, but according to the simulation
results, the amplifiers used in the modulator require the same
analog specifications including the gain-bandwidth (GBW),
output swing, and slew rate. In fact, the high frequency com-
ponents of are filtered in the modulator loop filter like
any other out-of-band signal, and hence, the integrators do not
follow these fast transitions. This is a well-known behavior of
CT- Ms named as inherent anti-aliasing property. The order
of this inherent LPF is as high as the noise-shaping order of the
modulator [1]. Furthermore, in the main loop, the FIR-DAC
significantly smoothes the fast variations of . However,
the limited GBW in the first integrator amplifier may lead to
a high-frequency signal-dependent ripple on its virtual ground
[18]. This ripple is due to the out-of-band frequency com-
ponents leaked through the FIR-DAC. Therefore, the output
impedance of DAC current cells should be high enough such
that their output current would be independent on this ripple.

A. The Effects of -FIR-DAC on CT- Ms

The up-sampling, the additive-shaped quantization noise
of D M, and the FIR filter affect the performance of pro-
posed modulator with -FIR-DAC. The sampler adjacent
to CT- M quantizer (Fig. 2) automatically samples down
the filtered version of , and hence, the spectra replicas of

get back to their original frequency interval exactly
matched on power spectral density (PSD) of .
The LPF of FIR-DAC in series with inherent LPF of

CT- M adequately suppresses the additive noise, which is
shaped by at frequencies higher than prior
to the modulator sampling (discussed in Section III-B). Just in
modulator bandwidth, the shaped noise of digital quantizer is
remained. Additional noise in signal bandwidth, , and
modulator bandwidth, defined here as , reduces the
modulator’s SNDR and dynamic range (DR), respectively. As
explained in Section III-C, by a suitable design, this noise will
be negligible in both signal and modulator bandwidths.
The FIR filter is designed with a dB cutoff frequency

at to transfer the modulator frequency components. The
delay effects of FIR filter will be discussed in Section III-D.

B. Anti-Aliasing Filter of CT- M as LPF for -FIR-DAC

The -FIR-DAC has an output signal rate which is
times of modulator sampling rate with an noise shaping
order. To reduce the output sampling rate of -FIR-DAC,
a -tap -th order sinc filter is a suitable
anti-aliasing filter [19]. Due to the stability consideration in
D M, , and consequently, is an enough
order for the sinc filter. The frequency response of inherent
LPF of an -th order CT- M is [1],

whereas the frequency response of a -tap -th order sinc filter
is . Both filters have the
same dB cutoff frequency at and the same pass-band
characteristic for ,
while the former has a better out-of-band suppression since

for . Conse-
quently, the inherent LPF filter of proposed CT- M prepares
a suitable -th order filtering for -FIR-DAC. Furthermore,
the FIR filter of Fig. 2 increases this order by two, and hence,
the overall order of the anti-aliasing filter is .
Thus, in the future analysis, it is assumed that the out-of-band
frequency components of -FIR-DAC are sufficiently sup-
pressed prior to the sampler of main modulator (adjacent to its
quantizer).

C. The Residual Shaped Noise of Digital Quantizer

In this Section the -FIR-DAC is designed such that its
shaped digital quantization noise has a negligible effect on the
main modulator performance.
According to Fig. 2, the quantization noise transfer function,

, is given by

(4)

where is the order of modulator. In modulator band-
width, is equal to an -th order high-pass
filter, while its discrete-time equivalent is approximately

, and consequently,
.

On the other hand, is as follows:

(5)

In modulator bandwidth, is a first
order high-pass filter and can be approximated by its dis-
crete-time equivalent as resulting in

. It should be noted
that in relation (5) it is assumed that the DAC of second loop
(Fig. 2) is driven by . If this DAC is driven by , then

.
For a busy (i.e., rapidly and randomly varying) input signal,

the quantization error of both quantizers in Fig. 2 can be approx-
imated with a zero-mean white noise [1]. By assuming a flat
pass-band frequency response of sinc filter in (2), the one-sided
PSD of in modulator bandwidth is approximately given
by

(6)
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where is the number of quantization bits and is the full
scale voltage in both quantizers. In this equation, the third term
represents the PSD of digital quantizer noise shaped bymultipli-
cation of and . To prevent the destruc-
tive effect of -FIR-DAC on the modulator performance, the
integral of the third term in (6) must be negligible compared to
the integral of the second term over both signal and modulator
bandwidths.

, and are the design parameters of -FIR-DAC.
By considering the linearity of DAC, the maximum value of

, corresponding to a lower quantization
noise, is selected. A minimum value of can be obtained by
assuming the integral of the third term in (6) to be much less
than (1/10 or less) that of the second term over the signal
bandwidth as

(7)

Note that in order to obtain the above equation, the approxima-
tion of is used in both second and third terms of (6)
for both and .
Similar to (7), another minimum value of is obtained by

assuming the integral of third term in (6) to be much less than
(1/10) that of the second term over the frequency in-
terval as

(8)

where
and is the gamma

function. is equal to ,
and for , and 5, respectively. Note that
in order to obtain the above equation, the approximation of

is used in third terms of (6)
for .
Two values for are suggested in relations (7) and (8). Their

maximum value should be selected in order to satisfy both in-
equalities. In both suggested values of relations (7) and (8), the
OSR of -FIR-DAC, , is proportional to .
According to relations (7) and (8), increasing exponen-

tially decreases , and thus, the clock frequency of digital cir-
cuits is decreased. On the other hand, the D M of Fig. 2 with

and output bit length of 1.5 has warranted stability. The
stability consideration in D M with leads to an infi-
nite-impulse-response (IIR)NTF [1]. An IIRNTF requires more
complex digital circuits compared to its FIR counterpart. There-
fore, is selected here.
Besides the quantization noise in D M, the effects of its

finite word length should be also considered. Fortunately, the
errors of D M are shaped by . So, the word length is
designed such that the in-band noise caused by finite precision
arithmetic is below the original in-band noise of the modulator
[1], resulting in

(9)

where is the required word length in D M, ( or 2)
is the noise shaping order of , and or for
or 2, respectively. As mentioned before, the order of

depends on how the signal to be injected into the second loop
DAC. or 2 when or is injected into the second
loop DAC, respectively. Relation (9) suggests that
and for and 2, respectively. This means
that by injecting into the second loop DAC, a lower word
length is required. In this case, a conventional multi-bit DAC is
replaced by a 1.5-bit DAC at -times (2-times) higher sampling
rate. Based on analytical results of Section VI-B, the clock jitter
noise of this DAC does not affect the modulator’s performance.
Also according to the simulation results, the required of
the second amplifier is not considerably increased. However, the
noise of digital quantizer permeates into the loop filter more than
before resulting in reduced dynamic range. In other words, the
aforementioned change increases the required value of .

D. The Effects of Excess Loop Delay

In modulator shown in Fig. 2, the main sources of excess
loop delay are the delay of quantizer, multi-DAC, finite GBW
of amplifiers, and finally the delay of FIR-DAC. Like the other
CT- Ms, the proposed modulator is not robust against ex-
cess loop delay (the delay which affects all feedback paths), and
hence, it should be compensated for.
The FIR-DAC introduces a time delay in the outer loop of

modulator which should be considered. Each element of delay
line in FIR-DAC has a delay of . Calculating the phase of

, introduced in (3), its corresponding delay is
. Thus, the maximum delay of FIR-DAC is less than .

The effect of outer loop delay on modulator stability is widely
discussed in [20]. In modulator of Fig. 2, thanks to the other
feedback paths, the outer loop delay does not directly lead to
an excess loop delay. Based on the simulation results of this
modulator, there is no stability problem, while the outer loop
has a delay up to .
All delays including the FIR-DAC one are compensated in

this Sect. The summation of all delays excluding the FIR-DAC
is assumed to be one sampling period , where 60% of this
delay is considered for both quantizer and multi-bit DACs and
the remained 40% delay assumed to be caused by the limited
GBW of amplifiers. To compensate for these delays, a fast DAC
loop around the quantizer is utilized [2].
The impulse response of modulator’s loop is used to investi-

gate the effect of excess loop delay [21]. For this purpose, the
modulator’s loop is disconnected in nodes and in Fig. 2.
A discrete-time impulse signal is exerted to and the response
is observed at . Fig. 3 illustrates the impulse response of mod-
ulator’s loop in two cases. In the first case, an ideal loop with
no delay is considered, while in the second case, all delays in-
cluding the FIR-DAC are considered and compensated for. In
this simulations, the third-order CT- M of Fig. 2 with 3-bit
quantizer and OSR of was used. For ideal
case, the coefficients are similar to the modulator reported in
[20] as . In second case, a delay
plus the delay of FIR-DAC was considered and compensated
for by using a fast DAC around the quantizer [2]. The gain of
this DAC is and the modified values of other gains
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Fig. 3. Impulse response of the proposed modulator: (a) ideal loop (no delay)
and (b) real loop by compensating for all possible delays.

Fig. 4. Simulated SNDR versus the input signal amplitude.

are and , while remains unchanged. As
shown in Fig. 3, both cases have the same impulse response.

E. Simulation Results of Modulator With -FIR-DAC

The modulator introduced in simulation of Fig. 3 is selected
for system-level simulations (all delays except FIR-DAC delay
and their corresponding compensations are removed). The input
signal was a dBFS sinusoidal at the frequency of .
For is suggested by both relations (7) and (8).
However, the integer value of was selected. A second-
order, with and
output bit length of was used for -FIR-DAC.

is a -tap second-order sinc filter introduced in (3). The
presented parameters are also used in all future simulations of
this paper, while in all simulations 32768 points FFT with a
Hanning window was used for spectral estimation.
Fig. 4 shows the simulated SNDR versus input signal am-

plitude for the proposed modulator with -FIR-DAC and the
conventional multi-bit modulator in ideal conditions. As is seen,
in ideal conditions, both modulators have approximately the
same performance.
Fig. 5 shows the simulated output PSD of modulator cor-

responding to the maximum SNDR at the input frequency of
. In this simulation, all delays are considered and com-

pensated for.

Fig. 5. Simulated power spectral density of the proposed modulator after the
compensation for all possible delays.

Fig. 6. Two different implementations of the set of FIR filter, down-sampler
and DAC: (a) conventional and (b) proposed.

IV. PROPOSED REDUCED RATE -FIR-DAC

As illustrated in Fig. 2, the down sampling operation
of -FIR-DAC takes place at the sampling point of the
main modulator, where the out-of-band noise of D M is
suppressed by both the FIR filter and inherent LPF of CT
modulator. However, there is no inherent anti-aliasing filter in
DT Ms and the high rate output signal of -FIR-DAC
cannot be directly injected to its integrator. In this section, a
technique is proposed to reduce the rate of -FIR-DAC, and
hence, the proposed RR- -FIR-DAC can be employed in
both DT and CT Ms.

A. Fundamental of Operation

In proposed -FIR-DAC, a decimation filter can be used
to reduce the rate of prior to its injection to the first in-
tegrator. The FIR filter, which is used to reduce the clock jitter
sensitivity of 1.5-bit DAC, can be designed properly to play the
role of decimation filter as well. According to Fig. 6(a), the dec-
imation filter decreases the rate of by a factor of , while
the out-of-band noise is adequately suppressed by the FIR filter.
However, a multi-bit DAC is required to inject the multi-bit
output signal of the FIR filter to the first integrator and so the
linearity problem appears again [22].
Implementing the FIR-DAC as proposed in Fig. 6(b) solves

this problem. In Fig. 6(b), the down-sampler of Fig. 6(a)
is performed before the gain coefficients .
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This admissible displacement replaces the multi-bit DAC of
Fig. 6(a) with an FIR-DAC. Unlike the multi-bit DAC of
Fig. 6(a), the DAC elements mismatch in Fig. 6(b), leads to
the mismatch in FIR filter coefficients which only modifies its
frequency response [13], [17], [23]. The proposed M with
RR- -FIR-DAC is similar to the modulator of Fig. 2, while
its FIR-DAC is replaced with the FIR-DAC of Fig. 6(b).
As mentioned in the previous section, in order to reduce the

output signal rate of D M by a factor of , a -tap -th order
sinc filter with is a suitable anti-aliasing
filter [19]. Therefore, a filter is required as the decimation
filter in RR- -FIR-DAC. For FIR implementation, the value
of coefficients in a filter distributes in a wide range such
that the ratio of the maximum value to the minimum value is
in the order of . However, for a filter, this ratio is in
the order of . Therefore, considering the practical limitation of
FIR-DAC, is selected as a filter with a unity gain at
DC introduced in (3).
The number of taps in the sinc filter is selected equal to the

OSR of D M. The introduced is employed as the FIR
filter in both -FIR-DAC and RR- -FIR-DAC. Using a

filter instead of a filter in the RR- -FIR-DAC
( instead of ) causes the
out-of-band noise to fold into the modulator’s bandwidth. As
a result, the third term in (6) is multiplied by [19]. Hence,
the suggested for -FIR-DAC in relations (7) and (8) are
modified for RR- -FIR-DAC. These modified values are ob-
tained by assuming the integral of D M quantization noise
to be of ideal modulator’s noise in both signal and
modulator bandwidths, respectively, as

(10)

(11)

where the parameters and the approximations assumed in
(10) and (11) are similar to those in (7) and (8), respec-
tively. Relations (10) and (11) suggest two values of for
RR- -FIR-DAC and their maximum value should be se-
lected.
It should be noted that in modulator with RR- -FIR-DAC,

the effects of both finite word length and excess loop delay are
similar to the modulator with -FIR-DAC.

B. Simulation Results

Similar to Fig. 4, Fig. 7 shows the simulated SNDR versus the
input signal amplitude for two modulators in ideal conditions:
the multi-bit modulator and the modulator with RR- -FIR-
DAC. For are suggested by both relations (10)
and (11). However, for the sake of simplicity, the integer value
of was selected at the cost of a little SNDR and dynamic
range degradation.
Fig. 8 compares the simulated SNDR versus the normal-

ized gain-bandwidth of both first and second
amplifiers in three architectures: modulators with multi-bit
DAC, -FIR-DAC and RR- -FIR-DAC. In all cases,
the gain-bandwidth of the third amplifier was considered

Fig. 7. Simulated SNDR versus the input signal amplitude for multi-bit mod-
ulator and the modulator with RR- -FIR-DAC.

Fig. 8. SNDR versus normalized of first and second amplifiers in three
modulators.

rad/sec to prevent the instability of modulators due to the excess
loop delay. The M of Fig. 2 was simulated using the param-
eters introduced in Section III-E with a dBFS sinusoidal
input signal. As is seen, in all cases, a gain-bandwidth of about

is sufficient. Although the clock rate of the proposed
-FIR-DAC is more than that of the main modulator, but the

power and speed requirements in the amplifiers are the same as
the conventional multi-bit modulators.

C. Extension to Feed-Forward Architectures

Both proposed DACs were introduced in the feedback archi-
tecture as shown in Fig. 2. In order to extend them for feed-for-
ward architectures, there are twomain issues that should be con-
sidered: the modulator inherent anti-aliasing filter and the delay
of FIR-DAC. Due to the feed-forward branches, the order of
modulator anti-aliasing filter is reduced. However, any feed-for-
ward CT- M (except unity STF architectures) has at least a
first order inherent anti-aliasing filter resulting from the first in-
tegrator [2].
This anti-aliasing filter in series with the second order LPF

of FIR-DAC prepare a third order LPF which is suitable for a
2nd order D M. This means that the lower order of inherent
anti-aliasing filter in the feed-forward architecture does not limit
the usage of both proposed DACs.
The feed-forward modulators have only one feedback path.

As a result, the delay of FIR-DAC directly leads to the modu-
lator excess loop delay. As shown in Section III-D, the delay of
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both proposed DACs are , while the ex-
cess loop delay up to can be compensated for by using a fast
DAC loop around the quantizer [2]. However, at high sampling
frequencies, there are other sources of excess loop delay which
should be compensated. Therefore, the delay of FIR-DAC may
be a limitation for maximum achievable sampling frequency
in feed-forward architectures. In these cases, a combination of
feedback and feed-forward paths can be used. For example, a 3.6
GS/sec modulator employing an FIR-DAC is reported in [23].
In this modulator, the FIR-DAC has a delay of (8-tap
FIR-DAC working at ).

V. ROBUSTNESS AGAINST DAC ELEMENTS MISMATCH

In conventional multi-bit Ms, the output signal of an
-bit quantizer is thermometer code exciting the DAC

unit elements [1]. Any mismatch among the DAC unit elements
adds an error which is a nonlinear function of DAC input
signal [1], [3]. This error causes a linearity problem in
multi-bit DACs and it is directly transferred to the modulator
output similar to the input signal without any shaping.
Corresponding to Fig. 2, the output signal of proposed
-FIR-DAC at the -th sample of modulator in the presence

of elements mismatch can be expressed as

(12)

where * is the convolution operation, is the nominal value of
the -th element in FIR-DAC (introduced in (16)), is the -th
element normalized error, is the time domain impulse re-
sponse of , and is the time domain impulse response
of (an FIR filter produced by elements mismatch in FIR-
DAC). The coefficients of are . The first term
in (12) is the ideal output of -FIR-DAC and the second term
is the error due to the elements mismatch. Unlike the multi-bit
DAC error, this error is a linear function of DAC input signal,

, and just modifies the frequency response of .
deviate the low-pass specification of , and hence, it

may pass the out-of-band noise of the D M. However, these
unwanted spectral components are rejected by inherent LPF of
CT- M prior to the modulator sampling. As a result, the pro-
posed -FIR-DAC has an excellent robustness against DAC
elements mismatch.
Corresponding to Fig. 6(b), the output signal of proposed

RR- -FIR-DAC can be expressed similar to (12), while
is down sampled by times. is a low-pass

filter and prepares an anti-aliasing filter for the down sampling
operation as discussed in Section IV. However, may pass
the out-of-band noise of the D M, and consequently, it is
folded into the modulator bandwidth due to the down sampling
performed by the decimation filter. This increases the modu-
lator noise floor, and hence, the proposed RR- -FIR-DAC
has less robustness against DAC elements mismatch compared

Fig. 9. Comparison of SNDR degradation due to DAC elements mis-
match, between conventional multi-bit and proposed modulators with

-FIR-DAC and RR- -FIR-DAC ( and
). (a) Multi-bit DAC (0.1%) (no DEM), (b) Multi-bit

DAC (0.2%) (no DEM), (c) RR- -FIR-DAC (0.1%), (d) RR- -FIR-DAC
(0.2%), (e) -FIR-DAC (0.1%), (f) -FIR-DAC (0.2%).

to its -FIR-DAC counterpart. However, based on both
presented analytical explanations and simulation results, the
proposed RR- -FIR-DAC has still much better robustness
against DAC elements mismatch compared to the multi-bit
DAC.
Several simulations are performed to evaluate the effect of

DAC elements mismatch on the modulator performance. The
parameters used in these simulations are similar to those men-
tioned in Section III-E. The clock jitter noise was assumed to be
zero. Fig. 9 shows the SNDR histogram of the CT M with
a multi-bit DAC (no DEM technique was employed) compared
to the modulators employing both proposed DACs.
For each case, 500 different simulations were performed.

0.1% and 0.2% intentional mismatch were considered between
the DAC elements, while the same amount of mismatch is
considered in the FIR-DAC coefficients of both -FIR-DAC
and RR- -FIR-DAC. Note that the mentioned amounts of
mismatch were considered for each coefficient in FIR-DAC as
a percent of its value. The maximum SNDR of ideal modulator
is 89 dB. According to Fig. 9, without any DEM technique,
the DAC elements mismatch causes significant performance
degradation in conventional multi-bit modulator whereas the
modulator with RR- -FIR-DAC has less performance degra-
dation and the modulator with -FIR-DAC has negligible
performance degradation. The corresponding average and
standard deviation of each histogram are also mentioned in the
figures.

VI. CLOCK JITTER IMMUNITY

In conventional CT Ms, the current of feedback DAC is
converted into the voltage by injecting the charge to the inte-
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grator feedback capacitor. Any deviation of DAC pulse dura-
tion from its nominal value leads to a voltage error added to the
input of modulator. This error is directly transferred to the mod-
ulator’s output, and hence, degrades the modulator’s resolution.
For a non-return-to-zero (NRZ) DAC, the error sequence can be
represented by [24]

(13)

where is the output of the conventional modulator,
is the time deviation of DAC pulse edge at -th sample time,
and is the nominal sampling period of the modulator.
is assumed to be a Gaussian white stationary random process
independent on and with a power spectral density of .
The model of (13) implies that by decreasing the difference of
two adjacent output samples in NRZ DAC, its jitter error can
be reduced. On the other hand, the high frequency components
of FIR-DAC input signal is filtered by its sinc filter and the dif-
ference of its two adjacent output samples is decreased. There-
fore, by increasing both the order and number of taps in the sinc
filter, the clock jitter immunity of FIR-DAC is improved. How-
ever, as mentioned in Section III-A, the number of taps in sinc
filter is determined by the modulator bandwidth. Also, as ex-
plained in Section IV, the order of sinc filter is determined by the
order of LPF required to suppress the out-band noise of D M,
while its maximum order is limited by practical considerations.
Hence, in this Section, the FIR-DAC with the filtering charac-
teristic of (3) ( -tap sinc filter) is used in the analysis.

A. The Effects of Clock Jitter in Modulator’s Outer Loop

Considering (13), in a conventional multi-bit modulator, the
variance of output error due to the clock jitter is given by

(14)

where is the mathematical expectation operator and
is the standard deviation of . Without loss of
generality, the mathematical expectation of
is assumed to be a coefficient of the quantizer’s least-signifi-
cant-bit (LSB), . Considering only the jitter noise,
the signal-to-noise ratio (SNR) of the multi-bit modulator for a
sinusoidal input signal with amplitude is given by:

(15)

The effect of clock jitter on proposed M with
-FIR-DAC can be evaluated as well. According to (3),
is a filter, and hence, its coefficients are given by

(16)

The binary signal , which is the input of , is clocked
at the rate of . The -FIR-DAC works times faster

than the main modulator. Hence, during the modulator’s sam-
pling period , the error due to the clock jitter is produced
for times. During , the overall error in -th path of FIR filter
(Fig. 2) is the summation of these errors, and therefore, it is
given by

(17)

where is the time deviation in DAC pulse edge at the
-th samples of FIR-DAC. The overall error of output

voltage is the summation of errors in its paths. So, we
have

(18)

Corresponding to Fig. 2, and
, for . Thus, after simplification we have

(19)

Therefore, the variance of is obtained as

(20)

where
, and . Assuming
in (2), the quantization noise of the

D M is shaped by . As shown in Appendix A,
can be expressed as

(21)

where is the variance (or power) of D M quantization
noise which is equal to for evaluating a one-sided
spectrum. As noted in (14), and by
substituting (21) in (20), we have

(22)
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The SNR of proposed modulator with -FIR-DAC for a
sinusoidal input signal with amplitude , where only the jitter
noise is considered, is equal to

(23)

According to (23), the clock jitter immunity of -FIR-DAC
is better than the multi-bit DAC when .
The clock jitter immunity of RR- -FIR-DAC is also esti-

mated. The FIR-DAC of RR- -FIR-DAC shown in Fig. 6(b)
includes some down sampling blocks in addition to FIR-DAC of

-FIR-DAC shown in Fig. 2. The number of -FIR-DAC
pulses during is reduced from to 1 and so the upper
boundary summation in (17), (18), and (19) should be modified
resulting in

(24)

Therefore, the variance of jitter error and the SNR of modu-
lator with RR- -FIR-DAC (for a sinusoidal input signal with
amplitude and where only the jitter noise is considered) can
be expressed as (25) and (26), respectively, as follows:

(25)

(26)

Several simulations are performed to validate the aforemen-
tioned analytical results. The MofFig. 2was simulated using
theparameters introducedinSectionIII-E.Fig.10showstheSNR
degradation versus the clock jitter for two cases:
and . Dashed line curves are corresponding to
the system level simulations of three modulators where the jitter
noise is modeled according to (13). The solid lines are analyt-
ical results calculated from (15), (23), and (26) for the multi-bit
modulator, proposed modulator with -FIR-DAC, and pro-
posed modulator with RR- -FIR-DAC, respectively, where
foracourseanalytical estimation wasassumedtobe1.
As illustrated in Fig. 10, there is a good accuracy between an-

alytical and simulation results when the clock jitter is the domi-
nant noise source. The clock jitter immunity of proposed DACs
and the multi-bit DAC is approximately the same, while each of
proposed DACs contains only half of the unit elements utilized
in the multi-bit DAC.

Fig. 10. SNR versus the standard deviation of jitter noise in three different
modulators with multi-bit DAC, -FIR-DAC and RR- -FIR-DAC, for (a)

, and (b) .

B. The Effects of Clock Jitter in Modulator’s Second Loop

In Fig. 2, due to two reasons, the clock jitter noise of inner
loops can be negligible compared to the jitter noise of the first
loop. Firstly, the inner loops of proposed modulator are driven
by multi-bit signal of quantizer, . Secondly, the jitter noise
of inner loops is shaped by their prior integrators. However cor-
responding to Fig. 2, the second loop’s DAC can be driven ei-
ther by or . When the second DAC is driven by the
1.5-bit signal of D M, , its jitter noise becomes signif-
icant. Therefore, in this subsection, this case is studied.
Any error in the second loop is shaped by the transfer function

of

(27)

By using the model of (13), the one-sided PSD of jitter noise at
the second loop DAC output is , where

was introduced in (21). The PSD is shaped by .
By integrating the PSD over the signal bandwidth, the in-band
noise power due to the clock jitter in the second DAC is given
by

(28)

Comparing relation (28) with relations (22) and (25),
the clock jitter noise of the second loop is less than that
of the first loop for both proposed DACs provided that

. For the value of parameters
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used in the simulations of this paper, this means that the OSR
should be more than 7.2.

VII. COMPARISION WITH THE CONVENTIONAL
MULTI-BIT MS

The proposed modulators with -FIR-DAC and RR-
-FIR-DAC are mainly different from the conventional one in
both DAC architectures and digital circuits. The conventional
multi-bit DAC needs unit elements, while both proposed
DACs require only unequal elements. The value of these
elements is introduced in (16) and their summation is equivalent
to unit elements in which .
The proposed modulators are more robust against DAC el-

ements mismatch compared to the multi-bit modulator which
uses no DEM technique. Also, the modulators with both pro-
posed DACs have approximately the same clock jitter immunity
as the multi-bit modulator.
The modulator output signal with both proposed DACs is a

1.5-bit signal at the rate of , while the output signal of
the conventional multi-bit M is an -bit signal at the rate
of . As noted in Section III, the OSR of digital circuit,
, has a very low value (e.g., 2, 3, and 4 for , and 5,
respectively). Also, out of the modulator bandwidth,

, the noise shaping order is , while in modulator
bandwidth the noise shaping order is . Therefore, due to these
reasons, i.e., 1.5-bit output signal, low noise shaping order at
the out-of-band frequencies, and low value of , the required
decimation filter in proposed modulators are not so complicated
compared to that in the conventional -bit modulator. Besides,
the delayed version of produced by the delay line in the
FIR-DAC can also be used in the decimation filter.
Although the -FIR-DAC operates at a higher rate, but ac-

cording to the simulation results, the modulator amplifiers re-
quire approximately the same analog specifications as the con-
ventional multi-bit modulator. In RR- -FIR-DAC, the rate of
FIR-DAC is equal to the rate of the multi-bit DAC.
The digital circuit of the proposed modulator consists of two

adders, two registers (D M of Fig. 2)
and latches for the delay line of FIR-DAC [Fig. 2 or
Fig. 6(b)]. According to relation (9), the required word length
in adders and registers are or depending on
or is applied into the second loop’s DAC, respectively.
On the other hand, in conventional multi-bit modulators, a

DEMtechniquemust be used to overcome theDACnonlinearity.
Usuallybyincreasing thequantizer resolution, , thecomplexity
of DEM techniques is increased exponentially, , while the
value of (and consequently the complexity of proposed DACs)
grows approximately linearly with . Besides, both proposed
techniques can be used at lowOSRs as well as high OSRs, while
the performance of DEM techniques is degraded when the OSR
is reduced. As another drawback, the DEM techniques such as
thedataweightedaveraging(DWA)areunsuitableforCT- Ms
withmulti-bit NRZDACs [25]. Only for the sake of comparison,
the hardware of DWA as one of the simplest DEM techniques is
considered here. TheDWA technique requires an -bit adder, an
-bit register, a randomizer and a logic block to implement the

bit barrel shifter [3].

VIII. CONCLUSION

A new class of CT Ms was proposed by using the
-DAC to eliminate the mismatch error of multi-bit DAC

and an FIR-DAC to improve the DAC clock jitter insensitivity.
Furthermore, a reduced rate -FIR-DAC was proposed
which can be used in both DT and CT Ms. The main parts
of proposed DACs are implemented in the digital domain,
and hence, can be benefited from the scaling advantages of
nano-meter CMOS technologies, while the analog require-
ments of proposed modulators are the same as the conventional
multi-bit ones. Analytical calculations and system level simu-
lation results show that the clock jitter immunity in CT Ms
with both proposed DACs and the conventional multi-bit one is
approximately the same, while simultaneously their robustness
against DAC elements mismatch is significantly improved.

APPENDIX A

According to (2), has two independent terms. For pro-
posed -FIR-DAC, the value of can be obtained as

(A1)

where and the -transform of is
. By considering (1),

the first term of (A1) is equal to

(A2)

where is introduced in (14).
The second term of (A1) can be expressed as

(A3)
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In (A3), by defining and
, we have

(A4)

Simplifying the relation (A4) results in

(A5)

By assuming the digital quantizer noise as white, four terms of
(A5) are independent from each other and the variance of is
given by

(A6)

where is the noise variance of the digital quantizer. By sub-
stituting (A2) and (A6) in (A1), the relation (21) is proved as:

(A7)
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