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This paper presents an analytical model of axial air gap induction motors with solid rotors that includes the two-dimensional current
distribution in the rotor. The model is quasi-three-dimensional and considers the circumferential as well as radial and angular dimen-
sions. Also, one can consider the various arrangements of the stator windings i.e., single layer, double layer, and gramme for this type of
motor. The method is valid for both constant current and constant voltage sources. Comparison of the simulation results of the produced
torque with the experimental ones shows the high accuracy of the proposed method.

Index Terms—Analytical, axial air gap, induction machine, solid rotor.

I. INTRODUCTION

THE induction motor with an axial air gap and a flat ho-
mogenous disk rotor shows some performance character-

istics that are superior to conventional induction machines. An
axial air gap type induction machine promises high utilization
of the active materials and thus favorable power density [1].
High rotational speeds and small moment of inertia of the motor
promise high power densities and small mechanical time con-
stants and make it a suitable choice for servo and high-speed
applications.

A complete analysis is required for the exact performance
estimation of axial air gap induction motors. Many papers have
been published in the literature about the analysis of axial air gap
induction motors with solid rotors that include numerical and
analytical methods [2]–[11]. One can deduce from the papers
that the results are not sufficiently accurate and give rise to errors
in machine performance estimations.

Here, a method with a high degree of accuracy for the predic-
tion of electromagnetic fields is presented. The computational
treatment is based on the solution of field equations written
in cylindrical coordinates. The analytical approach described
herein leads to a mathematical model, which is also a practical
design tool. For accuracy evaluation of the proposed method,
the computed results are compared with experimental data and
three-dimensional finite-element method (3-D FEM).

II. MODELING

As it is shown in Fig. 1, axial air gap induction motors come
in a variety of structures. Fig. 1(a) depicts a single-sided motor
with a solid iron rotor; while a double-layer aluminum- solid
iron rotor type is shown in Fig. 1(b). In Fig. 1(c), one can observe
the schematic of a double-sided motor with a solid aluminum or
iron rotor.

Digital Object Identifier 10.1109/TMAG.2007.894215

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Fig. 1. Different configurations of axial air-gap induction motors.

A. Mathematical Modeling

The computation coordinates are depicted in Figs. 2 and 3.
In electrical machines, the 3-D air-gap magnetic flux has two
parts:

1) the one that reaches the rotor surface (the effective part);
2) the total leakage flux (including stator winding leakage

flux).

0018-9464/$25.00 © 2007 IEEE
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Fig. 2. 3-D view of the mathematical model.

The following assumptions are made for the modeling [13].
1) Only the axial component of the flux density, is con-

sidered (because this component is more effective).
2) The variation of field intensity and currents along the z-axis

are zero [10].
3) The mutual flux is normal to the rotor surface.
4) The relative permeability of rotor and stator ferromagnetic

parts is considered to be very high .
The proposed method can be applied to both single-sided and

double-sided disk motors. By applying the Ampere’s law to the
two elementary loops (1, 2) in Fig. 3(a) and (b), the following
equations are obtained [12], [13]:

(1)

(2)

Here, is the total distance between the two ferromagnetic
parts of rotor and stator [air-gap (g) plus the nonferromagnetic
conducting part of the rotor (d)] and is the air magnetic per-
meability. According to Fig. 3(c), and are two compo-
nents of current density in region (2) below the stator core. Now,
consider a symmetric time-harmonic current system, where the
three phases are arbitrary star connected. The resulting equiva-
lent surface current density distribution from stator winding is
as follows [14]:

Fig. 3. Two-dimensional views: (a) r-z view, (b) z-� view, and (c) r-� view.

(3)

where and are number of turns in each coil, the
angular supply frequency, and phase current, respectively.

and are respectively the stator slot opening,
the slot pitch, number of phases, pole pairs, number of slots
per pole per phase, and the reduction in width of coils in the
units of slots. All magnetic and electric fields are a function of

.
When Ohm’s law is applied to a loop lying in - plane, the

following relation is obtained:

(4)

where is the resistance coefficient of the rotor and is the
angular frequency.

From (1)–(2) and (4), (5) is obtained:
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(5)

Because the magnetic flux densities in regions 1 and 3 (out of
the stator ferromagnetic regions) are negligible, current fields
are Laplacian as follows [12], [13]:

(6)

The subscripts 1 and 3 refer to regions 1 and 3. The assump-
tions and simplifications made to obtain and solve the equations
have completely been discussed in [13].

B. Solutions

The solutions to (6) in regions 1 and 3 are

(7)

where and are constants that can be ob-
tained using the related boundary conditions.

Equation (5) is not easily solved, and in order to get a solu-
tion in the region under the stator [region (2)], two methods are
presented.

1) Method One: The resultant field equations are solved an-
alytically in Maple environment [15]. The particular solutions
depend on the number of poles. Equation (5) has both a partic-
ular and a general answer. The particular solution depends on
whether the number of pole pairs is odd or even, but the general
solution remains unchanged.

If the number of pole pairs is odd, then

(8)

where , , and are mathematical
functions [15].

On the other hand, if the number of pole pairs is even, the
solutions depend on harmonic order and the number of pole
pairs. As an example, the fundamental component of for a
four-pole motor is

(9)

The constants in (7), (8), and (9) are calculated from the
boundary conditions in the region numbers (1)–(2) and (3). The
boundary conditions are

(10)

where and are respectively the inner and outer
radii of the rotor and stator.

2) Method Two: To solve (5), the region under the stator [re-
gion (2)] is divided into many concentric circular areas as shown
in Fig. 4. The coefficients and ) in the first and second terms
of (5) are assumed constant in each circular area. Hence, the
equation is converted into a simple second-order equation. Now,
the solution in each area is obtained as in the following:

(11)

where is the number of areas and is the area number.
The constants in (7) and (11) are calculated from the

boundary conditions in the region numbers (1)–(2) and (3) as
before. The boundary conditions are

...

...



IE
EE

 P
ro

of

W
eb

 V
er

sio
n

4 IEEE TRANSACTIONS ON MAGNETICS, VOL. 43, NO. 7, JULY 2007

Fig. 4. Concentric circular areas of region (2).

...

(12)

III. SIMULATION

To evaluate the accuracy of the analytical model, an axial air
gap induction motor with considerable space harmonics is se-
lected. The motor has four poles, three phases, and 12 slots.
Other specifications are in Table I. In order for the effects of har-
monics to be high, one slot per pole per phase is chosen. The or-
ders of the important existing harmonics are and ,
while the effects of the others are negligible. First, the solutions
from method one is presented:

TABLE I
DESIGN DATA OF THE MACHINE (ALL LENGTH DIMENSIONS IN MILLIMETERS)

As it can be seen, the solutions for the high harmonics are
very complex and hard to solve.

The machine torque is obtained from the following equation:

(13)

To consider the effect of the magnetic flux of the winding
overhangs and the related leakage fluxes, the width of stator

should be increased from 0.5 gt to 2 gt [10].
In using method two for simulation, the number is

found to give sufficient accuracy. The machine torque is ob-
tained from the following equation:

(14)
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Fig. 5. Comparison of the predicted torque with the experimental one and 3-D
FEM results [9].

Fig. 6. Comparison of the predicted torque with the experimental one and 3-D
FEM results [11].

Now, the results are compared with the experimental ones [9],
[10] and depicted in Fig. 5. The calculated results coincide very
well with the experimental ones. It is observed that the results
of the presented method have higher accuracy in comparison
with the 3-D FEM [9], [10]. The authors believe that one of the
error sources of the 3-D FEM at low slips might be because of
the chosen low mesh density (73 224 elements). Also in [11], the
machine has been analyzed using 3-D FEM (882 561 elements).
In [9], a stationary mesh has been used, and velocity and rotor
motion effects have been directly employed in formulations. But
in [11], a moving mesh has been applied. The results of [11] are
compared with the obtained analytical ones in Fig. 6. The errors
in [9] and [11] are considerable.

The obtained results of method one are better than method
two, because an exact solution of field equations has been used.

The plots of computed magnetic flux density along with 3-D
FEM results are shown in Figs. 7 and 8.

The 3-D FEM analysis has been carried out by OPERA-3D
software with ELEKTRA module [16]. Comparison between
analytical and 3-D FEM shows the accuracy of the proposed

Fig. 7. Comparison between analytical and 3-D FEM in radial direction.

Fig. 8. Comparison between analytical and 3-D FEM in angular direction
under the stator, in middle of the air gap and mean radius of the stator.

Fig. 9. Rotor current density distribution at zero speed.

method in magnetic field calculations of axial air-gap in induc-
tion machines. The oscillations in 3-D FEM results of Fig. 8 are
due to the teeth and slot effects.
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The rotor current distribution at zero speed is shown in Fig. 9.
One can deduce from the distribution that three-dimensional
analysis is necessary for complete consideration of machine
structure and exact prediction of its performance.

IV. CONCLUSION

A direct solution of the field equations in cylindrical coordi-
nates has been presented. The analytical method considers al-
most all dimensions of the machine. At low slips (normal op-
erating region), the predicted points of both methods coincide
with the experimental results with high accuracy. Hence, the
proposed method has the ability of accurate performance pre-
diction of axial air gap solid rotor induction machines. The pre-
sented approach helps designers to compute and evaluate per-
formances of axial air gap induction machines with solid rotors
in shorter time and with high accuracy.

AUTHOR: The editor-in-chief requests that you
please add two or more references to your paper
citing recent IEEE Transactions on Magnetics articles
(published in 2005-2007), to demonstrate that your
paper is relevant to current interests of our audience.
Please let me know if you are able to do this. Thank
you. —Ed.
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This paper presents an analytical model of axial air gap induction motors with solid rotors that includes the two-dimensional current
distribution in the rotor. The model is quasi-three-dimensional and considers the circumferential as well as radial and angular dimen-
sions. Also, one can consider the various arrangements of the stator windings i.e., single layer, double layer, and gramme for this type of
motor. The method is valid for both constant current and constant voltage sources. Comparison of the simulation results of the produced
torque with the experimental ones shows the high accuracy of the proposed method.

Index Terms—Analytical, axial air gap, induction machine, solid rotor.

I. INTRODUCTION

THE induction motor with an axial air gap and a flat ho-
mogenous disk rotor shows some performance character-

istics that are superior to conventional induction machines. An
axial air gap type induction machine promises high utilization
of the active materials and thus favorable power density [1].
High rotational speeds and small moment of inertia of the motor
promise high power densities and small mechanical time con-
stants and make it a suitable choice for servo and high-speed
applications.

A complete analysis is required for the exact performance
estimation of axial air gap induction motors. Many papers have
been published in the literature about the analysis of axial air gap
induction motors with solid rotors that include numerical and
analytical methods [2]–[11]. One can deduce from the papers
that the results are not sufficiently accurate and give rise to errors
in machine performance estimations.

Here, a method with a high degree of accuracy for the predic-
tion of electromagnetic fields is presented. The computational
treatment is based on the solution of field equations written
in cylindrical coordinates. The analytical approach described
herein leads to a mathematical model, which is also a practical
design tool. For accuracy evaluation of the proposed method,
the computed results are compared with experimental data and
three-dimensional finite-element method (3-D FEM).

II. MODELING

As it is shown in Fig. 1, axial air gap induction motors come
in a variety of structures. Fig. 1(a) depicts a single-sided motor
with a solid iron rotor; while a double-layer aluminum- solid
iron rotor type is shown in Fig. 1(b). In Fig. 1(c), one can observe
the schematic of a double-sided motor with a solid aluminum or
iron rotor.
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Fig. 1. Different configurations of axial air-gap induction motors.

A. Mathematical Modeling

The computation coordinates are depicted in Figs. 2 and 3.
In electrical machines, the 3-D air-gap magnetic flux has two
parts:

1) the one that reaches the rotor surface (the effective part);
2) the total leakage flux (including stator winding leakage

flux).

0018-9464/$25.00 © 2007 IEEE
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Fig. 2. 3-D view of the mathematical model.

The following assumptions are made for the modeling [13].
1) Only the axial component of the flux density, is con-

sidered (because this component is more effective).
2) The variation of field intensity and currents along the z-axis

are zero [10].
3) The mutual flux is normal to the rotor surface.
4) The relative permeability of rotor and stator ferromagnetic

parts is considered to be very high .
The proposed method can be applied to both single-sided and

double-sided disk motors. By applying the Ampere’s law to the
two elementary loops (1, 2) in Fig. 3(a) and (b), the following
equations are obtained [12], [13]:

(1)

(2)

Here, is the total distance between the two ferromagnetic
parts of rotor and stator [air-gap (g) plus the nonferromagnetic
conducting part of the rotor (d)] and is the air magnetic per-
meability. According to Fig. 3(c), and are two compo-
nents of current density in region (2) below the stator core. Now,
consider a symmetric time-harmonic current system, where the
three phases are arbitrary star connected. The resulting equiva-
lent surface current density distribution from stator winding is
as follows [14]:

Fig. 3. Two-dimensional views: (a) r-z view, (b) z-� view, and (c) r-� view.

(3)

where and are number of turns in each coil, the
angular supply frequency, and phase current, respectively.

and are respectively the stator slot opening,
the slot pitch, number of phases, pole pairs, number of slots
per pole per phase, and the reduction in width of coils in the
units of slots. All magnetic and electric fields are a function of

.
When Ohm’s law is applied to a loop lying in - plane, the

following relation is obtained:

(4)

where is the resistance coefficient of the rotor and is the
angular frequency.

From (1)–(2) and (4), (5) is obtained:
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(5)

Because the magnetic flux densities in regions 1 and 3 (out of
the stator ferromagnetic regions) are negligible, current fields
are Laplacian as follows [12], [13]:

(6)

The subscripts 1 and 3 refer to regions 1 and 3. The assump-
tions and simplifications made to obtain and solve the equations
have completely been discussed in [13].

B. Solutions

The solutions to (6) in regions 1 and 3 are

(7)

where and are constants that can be ob-
tained using the related boundary conditions.

Equation (5) is not easily solved, and in order to get a solu-
tion in the region under the stator [region (2)], two methods are
presented.

1) Method One: The resultant field equations are solved an-
alytically in Maple environment [15]. The particular solutions
depend on the number of poles. Equation (5) has both a partic-
ular and a general answer. The particular solution depends on
whether the number of pole pairs is odd or even, but the general
solution remains unchanged.

If the number of pole pairs is odd, then

(8)

where , , and are mathematical
functions [15].

On the other hand, if the number of pole pairs is even, the
solutions depend on harmonic order and the number of pole
pairs. As an example, the fundamental component of for a
four-pole motor is

(9)

The constants in (7), (8), and (9) are calculated from the
boundary conditions in the region numbers (1)–(2) and (3). The
boundary conditions are

(10)

where and are respectively the inner and outer
radii of the rotor and stator.

2) Method Two: To solve (5), the region under the stator [re-
gion (2)] is divided into many concentric circular areas as shown
in Fig. 4. The coefficients and ) in the first and second terms
of (5) are assumed constant in each circular area. Hence, the
equation is converted into a simple second-order equation. Now,
the solution in each area is obtained as in the following:

(11)

where is the number of areas and is the area number.
The constants in (7) and (11) are calculated from the

boundary conditions in the region numbers (1)–(2) and (3) as
before. The boundary conditions are

...

...
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Fig. 4. Concentric circular areas of region (2).

...

(12)

III. SIMULATION

To evaluate the accuracy of the analytical model, an axial air
gap induction motor with considerable space harmonics is se-
lected. The motor has four poles, three phases, and 12 slots.
Other specifications are in Table I. In order for the effects of har-
monics to be high, one slot per pole per phase is chosen. The or-
ders of the important existing harmonics are and ,
while the effects of the others are negligible. First, the solutions
from method one is presented:

TABLE I
DESIGN DATA OF THE MACHINE (ALL LENGTH DIMENSIONS IN MILLIMETERS)

As it can be seen, the solutions for the high harmonics are
very complex and hard to solve.

The machine torque is obtained from the following equation:

(13)

To consider the effect of the magnetic flux of the winding
overhangs and the related leakage fluxes, the width of stator

should be increased from 0.5 gt to 2 gt [10].
In using method two for simulation, the number is

found to give sufficient accuracy. The machine torque is ob-
tained from the following equation:

(14)
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Fig. 5. Comparison of the predicted torque with the experimental one and 3-D
FEM results [9].

Fig. 6. Comparison of the predicted torque with the experimental one and 3-D
FEM results [11].

Now, the results are compared with the experimental ones [9],
[10] and depicted in Fig. 5. The calculated results coincide very
well with the experimental ones. It is observed that the results
of the presented method have higher accuracy in comparison
with the 3-D FEM [9], [10]. The authors believe that one of the
error sources of the 3-D FEM at low slips might be because of
the chosen low mesh density (73 224 elements). Also in [11], the
machine has been analyzed using 3-D FEM (882 561 elements).
In [9], a stationary mesh has been used, and velocity and rotor
motion effects have been directly employed in formulations. But
in [11], a moving mesh has been applied. The results of [11] are
compared with the obtained analytical ones in Fig. 6. The errors
in [9] and [11] are considerable.

The obtained results of method one are better than method
two, because an exact solution of field equations has been used.

The plots of computed magnetic flux density along with 3-D
FEM results are shown in Figs. 7 and 8.

The 3-D FEM analysis has been carried out by OPERA-3D
software with ELEKTRA module [16]. Comparison between
analytical and 3-D FEM shows the accuracy of the proposed

Fig. 7. Comparison between analytical and 3-D FEM in radial direction.

Fig. 8. Comparison between analytical and 3-D FEM in angular direction
under the stator, in middle of the air gap and mean radius of the stator.

Fig. 9. Rotor current density distribution at zero speed.

method in magnetic field calculations of axial air-gap in induc-
tion machines. The oscillations in 3-D FEM results of Fig. 8 are
due to the teeth and slot effects.



IE
EE

 P
ro

of

Pr
in

t V
er

sio
n

6 IEEE TRANSACTIONS ON MAGNETICS, VOL. 43, NO. 7, JULY 2007

The rotor current distribution at zero speed is shown in Fig. 9.
One can deduce from the distribution that three-dimensional
analysis is necessary for complete consideration of machine
structure and exact prediction of its performance.

IV. CONCLUSION

A direct solution of the field equations in cylindrical coordi-
nates has been presented. The analytical method considers al-
most all dimensions of the machine. At low slips (normal op-
erating region), the predicted points of both methods coincide
with the experimental results with high accuracy. Hence, the
proposed method has the ability of accurate performance pre-
diction of axial air gap solid rotor induction machines. The pre-
sented approach helps designers to compute and evaluate per-
formances of axial air gap induction machines with solid rotors
in shorter time and with high accuracy.
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